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In ferromagnets with a nonuniform magnetocrystalline and/or magnetoelastic anisotropy, such as nanocrys-
talline ~nc-! or cold-worked~cw-! polycrystalline materials, the static magnetic microstructure gives rise to
strong elastic magnetic small-angle neutron scattering~SANS!. The paper explores a method for analyzing
field-dependent SANS data from such materials in terms of a model based on the theory of micromagnetics.
Samples of cw Ni and of electrodeposited nc Ni and nc Co were characterized by x-ray scattering and
magnetometry, and were investigated by SANS both with and without polarization of the neutron beam. The
variation of the differential scattering cross section with the scattering vector and with the applied magnetic
field is well described by the model. Also, experimental results for the exchange stiffness constantA and for
the spin-wave stiffness constantD obtained from the analysis are found to agree with literature data obtained
by inelastic neutron scattering on single-crystal specimens. The model supplies an ‘‘anisotropy field scattering
function’’ that contains information on the magnitude of the magnetic anisotropy in the material, and on the
characteristic length scales on which the anisotropy changes direction. The results suggest that the anisotropy
may be strongly nonuniform in each crystallite, possibly due to twinning, and that some magnetic moments in
the Ni samples are strongly pinned at defects.
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I. INTRODUCTION

The favorable magnetic properties of nanocrystalline f
romagnets have led to a number of applications both as
and as soft magnetic materials. Essentially, the reductio
the grain sized to the nanometer scale influences the m
netic properties by introducing random jumps in the orien
tion of the magnetic ‘‘easy axes’’ on the scale of nanomete
It has been shown that the effect of the reduced grain siz
the magnetic properties depends critically on the magnit
of the grain size relative to a magnetic exchange lengthl K

5AA/K with A the ferromagnetic exchange-stiffness co
stant andK an anisotropy energy coefficient. Nanocrystalli
hard magnets havel K,d with the magnetization locked into
the easy axes of each grain and an enhanced remanenc
to gradients in the orientation of the magnetization at gr
boundaries.1,2 By contrast, nanocrystalline soft magnets ha
l K.d; in this case the magnetization cannot follow t
changes in the orientation of the easy axes on the scale o
0163-1829/2001/63~21!/214414~18!/$20.00 63 2144
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grain size. Instead, the magnetization probes an effective
erage of the anisotropy in many neighboring grains the m
nitude of which drops steeply with decreasing size.3 Obvi-
ously, it is of interest to have at ones disposal the techniq
for measuring the relevant length scales, or the quanti
that determine them, in nanocrystalline ferromagnets.

The grain size is routinely measured, e.g., by diffracti
or transmission electron microscopy, but the length scale
relevance for the magnetic properties would appear to b
mean distance between changes in the direction of the
isotropy. Since lattice defects and strain fields will also
fluence this quantity, the grain size may not always be
adequate parameter to describe the relation between the
crostructure and the magnetic properties. While the ani
ropy energy coefficients are known for single crystals a
summary information on the magnetic anisotropy can be
tained by analysis of the approach to saturation in a mag
tization isotherm,4 there are no known techniques for cha
acterizing the microstructure of the anisotropy field in den
nanocrystalline materials.
©2001 The American Physical Society14-1
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Similarly, few data are available for the ferromagne
exchange-stiffness constant in nanocrystalline solids, and
particular, there are no measurements ofA in single-
component nanocrystalline ferromagnets, which consti
simple model systems for ferromagnetism in nanocrystal
materials.A is defined so that the exchange energy densit
gradients of the magnetization isAu¹vu2 with v a unit vector
in the direction of the magnetization~see Ref. 5 and Sec
16.1 in Ref. 6!; besides determiningl K , A is an important
material parameter in the theory of micromagnetics, a c
tinuum approach that deals with the variation of the direct
of the magnetization as a function of position and time7,8

Among the phenomena that are described by micromagn
are domain walls,9 spin waves,5 the effect of lattice defects
on the approach to saturation,4 the so-called ‘‘magnetization
ripple’’ in thin films,10,11 and the magnetic properties o
amorphous ferromagnets.12 More recently, several analytica
and numeric treatments of the magnetic microstructure
of macroscopic magnetic properties of nanocrystalline h
and soft magnets, based on the micromagnetics theory,
been proposed.13,14

Small-angle neutron scattering~SANS! experiments can
supply information on the magnetic microstructure in t
bulk of nanocrystalline materials with a resolution that co
ers length scales in the nanometer regime. Several SA
studies have investigated ferromagnetic nanoparticles
lated by a nonmagnetic matrix where the magnetic inter
tion between neighboring particles is weak or negligible.15–17

By contrast, adjacent grains in bulk nanocrystalline fer
magnets, that are the subject of the present work, are stro
coupled via the exchange interaction at grain boundar
indeed, SANS data indicate that the local orientation of
magnetization can be correlated over many neighbo
grains.18,19 This is well supported by micromagnetic
theory,3 and suggests that micromagnetics and magn
SANS theory may be combined to provide a quantitat
analysis of experimental SANS data. In the past, this
proach has been applied successfully to the study of c
worked ferromagnetic single crystals, where it provided
formation on the dislocation arrangement.20 However, for
lack of a more adequate theory, SANS data of bulk na
crystalline ferromagnets were generally analyzed in term
scattering by sets of hard spheres with a distribution
sizes,18,19,21a model adopted from nuclear scattering witho
rigorous examination of its applicability to magnetic scatt
ing by nanocrystalline ferromagnets. Recently, quite gen
results for the dependency of the differential scattering cro
section of ferromagnets with a nonuniform magnetic anis
ropy on the magnetic field and on the scattering vector h
been derived from the theory of micromagnetics.22 It was
suggested that analyzing experimental SANS data of na
crystalline ferromagnets in terms of the theory may prov
quantitative information on~i! the magnetic microstructure
~ii ! the exchange stiffness constant and~iii ! the magnitude
and microstructure of the magnetic anisotropy. The purp
of the present work is to check the theory against experim
tal data and to explore how far meaningful information c
be obtained. Preliminary results of this study have been c
municated in Ref. 23.
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The nanocrystalline samples under investigation are
emental Ni and Co of high purity and mass density prepa
by pulsed electrodeposition.24,25 Compared to the previously
studied elemental nanocrystalline materials prepared
inert-gas condensation18,19 and to multiphase nanocrystallin
ferromagnets crystallized from the glass,21 our samples have
much smaller nuclear scattering contrast from pores or s
ond phases, or, in other words, a considerably more fav
able ratio of~magnetic! scattering signal to~nuclear! back-
ground.

The paper is organized as follows: Section II discusses
theory of magnetic SANS of nanocrystalline ferromagne
in the interest of a self-contained presentation, Secs. II A
II B summarize, respectively, the relevant elements of
well-known formalisms of micromagnetics and of magne
SANS. Section II C shows how the results are combined
derive the expressions for the field dependence of the dif
ential scattering cross section that are the focus of atten
of this paper. For conciseness, we summarize only the d
vation for isotropic materials in the main text; the Append
presents the generalization to anisotropic microstructures
shows that the effects of texture on the results are sm
Finally, Sec. II D discusses how the theory can be combi
with experimental data to measure the ferromagne
exchange-stiffness constant and the anisotropy fie
scattering function introduced in Sec. II C. This requir
separating SANS by the magnetic microstructure fro
SANS due to variation in the atomic density or to seco
phases; we discuss how the separation can be achieve
ternatively, by analysis of the dependence of SANS on
magnetic field using nonpolarized neutrons, or by vary
the polarization of the incident neutron beam at const
field. Section III describes the experiment and data red
tion, followed by the presentation of the results for t
nuclear microstructure and for the magnetic properties
wide-angle x-ray scattering and magnetometry, respectiv
and of the SANS data in Sec. IV. Sections V and VI pres
discussion and conclusions, respectively.

II. THEORY

A. Micromagnetics

We intend to model the static magnetic microstructu
that is, the spatial variation of the orientation of the magn
tization vector at equilibrium, in dense, single-phase mat
als with a highly nonuniform magnetocrystalline and/or ma
netoelastic anisotropy; examples for such materials
nanocrystalline or cold-worked single crystalline or pol
crystalline materials. With this in mind, we consider a ma
rial with uniform values of the atomic densityra , atomic
magnetic momentma , and exchange-stiffness constantA,
but with a nonuniform magnetic anisotropy. More precise
we allow the anisotropy energy densitya to depend not only
on the magnetizationM (x) but also explicitly on the position
x. An anisotropy field~or perturbing field! HP is defined as
the derivative ofa with respect to the orientation of the mag
netization. In SI units, withv a unit vector alongM , v
5M /MS where MS denotes the saturation magnetizati
MS5rama ,
4-2
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HP52
1

m0MS

]a

]v
. ~1!

By definition, the vectorHP is normal toM and acts as a
torque onM ; like a, HP varies as a function ofx and ofM .
Below, we shall introduce the restrictive assumption that
material be nearly saturated, so that the magnetizatio
nearly aligned with the direction of the applied magne
field and only small variations ofM about this direction are
of interest. It is then permitted to neglect the dependenc
HP on M , and retain onlyHP5HP(x), with the understand-
ing thatHP be computed forM parallel to the applied mag
netic field. The grain size, crystallographic texture, and str
in the material enter our theory exclusively through the m
nitude and spatial structure ofHP near saturation, that is
through the ‘‘anisotropy field microstructure.’’ For instanc
in an idealized nanocrystalline material, each grain has
individual, uniform magnitude and orientation ofHP .

At static equilibrium, the torques on the magnetizati
due to~i! the exchange interaction,~ii ! the magnetic fieldH,
and ~iii ! the anisotropy field must be balanced; this requi
that26

S 2A

m0MS
2 $¹2Mx ,¹2M y ,¹2Mz%1H~x!1Hp~x! D 3M ~x!50.

~2!

The magnetic fieldH is the sum of the applied fieldHa and
of the demagnetizing fieldHd , which can be separated int
two components: the fieldHd

s , which arises from the discon
tinuity of M at the macroscopic sample surface, and the fi
Hd

b(x), which arises from the divergence ofM (x) in the
bulk. Hd

s varies slowly with position in the material and
approximated by the uniform fieldHd

s52Nd^M &, with the
demagnetizing factorNd dependent on the sample geomet
^M & denotes the macroscopic magnetization. Because o
uniformity of MS and A, M is continuous at grain bound
aries, thereforeHd

s is exclusively from the macroscopic ex
ternal surface of the material, and is entirely unrelated to
size or shape of grains in the nanocrystalline material.

In the limit where the angle of misalignment of the ma
netic moments relative tôM & is small, Eq. ~2! can be
linearized7 by neglecting terms that are of second order
M P(x), the component of the magnetization perpendicula
the macroscopic magnetization;M P(x)5M (x)2^M &. It has
been shown5,27 that, with the anisotropy field and the ma
netization expressed in terms of their Fourier transforms

HP~x!5~2p!23/2E E E
2`

`

h~q!exp~2 iqx!dq, ~3!

M P~x!/MS5~2p!23/2E E E
2`

`

m~q!exp~2 iqx!dq,

~4!

the linearized equation can be solved independently for e
wave vectorq. Analytical solutions to Eq.~2! have been
considered in various contexts, generally assuming spe
functional dependencies ofa or of HP on M and onx; this
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includes amorphous ferromagnets with random anisotr
~ignoringHd

b),12 thin films,11,28and cubic single crystals with
HP(x) due to magnetostriction, for instance, in the stra
field of a dislocation.4 For an arbitrary dependency ofHP on
x, the solution in the limit of small misalignment is22

m~q!5
h~q!

Heff1MSsin2q
1

MS

Heff

q'3@h~q!3q'#

q2~Heff1MSsin2q!
. ~5!

The vectorq' denotes the component ofq that is normal to
the applied fieldHa , andq is the angle betweenq andHa ,
see Fig. 1.Heff denotes aneffective magnetic field, defined by

Heff~q,Hi !5Hi@11 l H
2 ~Hi !q

2#. ~6!

FIG. 1. Illustration of the scattering geometry~a! and of the
anglesq, c, anda @~b! and~c!#. The Fourier coefficientsh andm of
the anisotropy field and of the reduced magnetization, respectiv
are confined to the plane normal to the mean magnetization^M & and
the scattering vectorq is normal to the incident neutron wave ve
tor, k0 . The symbolsex , ey , ez denote the unit vectors along th
coordinate axes.
4-3
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Heff depends on the magnitude of theinternal fieldH i5Ha

1Hd
s and on theexchange length of the internal field lH ,4

defined by

l H5S 2A

m0MSHi
D 1/2

. ~7!

By inspection of Eq.~5! it is seen that the effect of th
effective magnetic field is to suppress the fluctuations of
magnetization. Equation~6! may, alternatively, be expresse
asHeff5Hi1MSlM

2 q2, wherel M denotes the magnetostatic e
change length4 l M5A2A/(m0MS

2); it is then readily seen
that Heff approximates the internal field at smallq, whereas
Heff at high q is dominated by the termMSl M

2 q2, which is
related to the exchange interaction and the stray field, bu
independent of the applied field. Increasing the applied m
netic field will therefore result in a relatively larger increa
of Heff at smallerq, thereby suppressing selectively tho
fluctuations of the magnetization with the longest wav
length. As a consequence, the dominant wavelength of
magnetic fluctuations will evolve to ever smaller values
the magnetic field is increased.

It is also instructive to consider Eq.~5! in the limit Heff
@MS, wherem(q)'h(q)/Heff . Because of the convolution
theorem, the product in reciprocal space corresponds in
space to the convolution with the Fourier transform
1/Heff , which is a decaying exponential with a characteris
lengthl H . In other words, the magnetic microstructure is t
convolution of the anisotropy field microstructure with a
exponential response function with a characteristic lengthl H
that varies as the reciprocal root of the internal field. At sm
applied magnetic fieldsl H may be larger than the grain siz
in this case the anisotropy fields of the individual grains in
nanocrystalline ferromagnet are decorated by static fluc
tions of the magnetization that extend over several neigh
ing grains, so that the individual fluctuations can stron
overlap.

B. Small-angle neutron scattering

Magnetic neutron scattering is the subject of seve
monographs, for instance, Refs. 29–32. Our discussion
magnetic SANS, both with and without polarization of th
incident beam, is based on the results in Ref. 33. For ela
scattering, and neglecting spin-dependent nuclear scatte
the differential scattering cross sections at scattering vectq
due to atoms at positionsxj , obey~see also Sec. 2.3.3 in Re
32!

dS66

dV
~q!5

1

V (
j ,l

exp@ iq~xj2xl !#

3~bnuc,jbnuc,l6bnuc,jbmag,lQl ,z

6bnuc,lbmag,jQj ,z1bmag,jbmag,lQj ,zQl ,z!,

~8!
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dS67

dV
~q!5

1

V (
j ,l

exp@ iq~xj2xl !#bmag,jbmag,l

3@Qj ,xQl ,x1Qj ,yQl ,y7 iez•~Qj3Ql !#,

~9!

wherebnuc andbmag denote the atomic nuclear and magne
scattering lengths, respectively, andQ represents the
Halpern-Johnson vector, which is related to a unit vector« in
the direction ofq and to the atomic magnetic momentma by
the vector functionQ5«(«•ma /ma)2ma /ma .34,35 The su-
perscripts todS/dV denote the spin states of the incide
and of the scattered neutron, e.g.,dS12/dV (dS11/dV)
relates to ‘‘spin-flip’’ ~‘‘spin-non-flip’’ ! scattering with the
incident and scattered spin in the1 and2 ~1 and1! direc-
tions, respectively, relative to the unit vectorez . The latter is
parallel to the magnetic field and defines the direction
quantization of the neutron spin.

Equations~8! and~9! account for scattering due to varia
tions in the atomic density and composition and to variatio
in the magnitude and orientation of the magnetic mome
Our discussion of micromagnetics in Sec. II A assumes
ideal material with uniform density and composition; th
scattering cross section would then be exclusively due to
variation in the spin orientation. However, in real samp
the atomic density and the magnitude of the moment will
be perfectly uniform, for instance, due to missing atoms a
missing moments in pores. We assume such nuclear de
to be uncorrelated to the variations of the anisotropy fi
that gives rise to the magnetic microstructure discus
above and to the magnetic scattering that is of interest h
there is then no interference between the respective sca
ing amplitudes, and the combined nuclear and magnetic ‘
sidual’’ scattering cross sectiondSR /dV due to the nonuni-
form density and composition is additive to the scatter
cross section of the spin misalignmentdSM /dV. In order to
separate the two contributions formally, we decompose
vectorsma, j into the value for the perfectly aligned stat
m̂a, j5ma, jez and the difference vectorDma, j5ma, j2m̂a, j .
The vectorsQj are decomposed analogously,Q̂5«(«•ez)
2ez and Qj5Q̂1DQj , and the latter expression is subs
tuted into Eqs.~8! and ~9!. Attention is restricted to smal
misalignment of the moments and to situations where
mean magnetization is along the direction of quantizationez ;
the Dma, j are then normal toez and their mean value van
ishes. SinceQ is a linear vector function ofma the mean
value ofDQ will also vanish. When there is no interferenc
between the spin misalignment and variation of the nucl
density then the contributions of terms containingbnuc,j

bmag,l DQl or bmag,j bmag,l Q̂DQl to the sums in Eqs.~8! and
~9! will cancel. The remaining terms can be grouped into
two additive scattering cross sectionsdSR /dV and
dSM /dV, the first containing only termsbnuc and bmagQ̂,
and the second only termsbmagDQ. In displaying the results
we also combine terms with and without spin flip, e.
dS1/dV5dS11/dV1dS12/dV, to account for the fact
that the SANS instrumentation that is of interest to t
present work has no polarization analysis:
4-4
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dSR
6

dV
~q!5

1

V (
j ,l

exp@ iq~xj2xl !#

3@bnuc,jbnuc,l1bmag,jbmag,l uQ̂u26bnuc,jbmag,l Q̂z

6bnuc,lbmag,j Q̂z#, ~10!

dSM
6

dV
~q!5

1

V (
j ,l

exp@ iq~xj2xl !#bmag,jbmag,l@~DQj•DQl !

7 iez•~DQj3DQl !#. ~11!

In the simplest case, each of the scattering lengthsbnuc and
bmag has identical values at all sites. It is then readily se
that Eq.~10! reduces to the well-known expression for sc
tering by magnetically aligned systems, such as satur
ferromagnetic particles in a nonmagnetic matrix:29

dSR
6

dV
~q!5

1

V
~bnuc

2 72bnucbmagsin2 q1bmag
2 sin2 q!

3(
j ,l

exp@ iq~xj2xl !#. ~12!

It can be seen that the interference between nuclear
magnetic scattering gives rise to a dependency of the resi
scattering cross section on the polarization of the incid
beam. In spite of the absence of interference between nuc
and magnetic scattering, Eq.~11! for the spin misalignmen
scattering also has a polarization-dependent term, involv
the cross productQj3Ql . This term depends on the ang
included by the pair of spinsj, l and, unless the spins take
helical structure with a preferred direction of rotation, it w
take either sign with equal probability, independent of t
interatomic distance. Therefore, the cross product does
generally contribute to the sum in Eq.~11!, and the spin-
misalignment scattering will be independent of the polari
tion. By omitting the termsQj3Ql we can write Eq.~11! in
a form that is more suitable for combination with the resu
in Sec. II A:

dSM

dV
~q!5

1

V U(
j

bmag,jDQj exp~ iqxj !U2

. ~13!

For small-angle scattering the discreteness of the ato
structure of matter is of no importance, so that the sum in
~13! can, quite analogously to the usual procedure in nuc
small-angle scattering, be replaced by an integral based
the continuous function, DQ(x)5«@«•M P(x)/MS#
2M P(x)/MS . By comparing with Eq.~4! it is seen that the
magnetic scattering cross section can then be expressed

dSM

dV
~q!5

8p3

V
bmag

2 ra
2up~q!u2, ~14!

where p(q)5«@«•m(q)#2m(q) and up(q)u2
5um(q)u2 sin2 a, with a the angle included bym andq ~see
Fig. 1!. Equation~14! is similar to previous results for th
cross section for spin-only magnetic neutron scattering
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terms of the Fourier transform of the magnetization~e.g.,
Ref. 30!, but it expresses the scattering cross section in te
of the Fourier transform ofM P instead ofM .

C. SANS by the magnetic microstructure

We shall now investigate scattering by a magnetic mic
structure that satisfies Eq.~5!. In doing so, we restrict our
attention to scattering geometries with the incident neut
beam normal to the direction of the applied field~more pre-
cisely, normal to^M &!. We use Cartesian coordinates wi
^M & along the unit vectorez and with the incident neutron
beam alongex ~see Fig. 1!; the anisotropy field and, conse
quently, its Fourier components, are then in the plane c
taining ex and ey , and the scattering vector is in the plan
containingey andez :

h5h$cosc,sinc,0%, q5q$0,sinq,cosq%,

which defines the anglec.
Straightforward algebra shows that, when Eq.~5! is sub-

stituted form(q) in Eq. ~14! for the scattering cross section
the result can be written as

dSM

dV
~q,Hi !5SH~q!R~c,q,q,Hi !, ~15!

SH~q!5
8p3

V
bmag

2 ra
2 h2~q!

MS
2 , ~16!

R~c,q,q,Hi !5
MS

2

Heff
2 ~q,Hi !

cos2 c

1
MS

2

@Heff~q,Hi !1MSsin2 q#2 sin2 c cos2 q.

~17!

Equations ~15!–~17! imply that dSM /dV can be ex-
pressed as the product of ananisotropy-field scattering func
tion SH(q), that depends only on the microstructure of t
anisotropy field, but not on the applied magnetic field, and
a dimensionlessmicromagnetics response function for SAN,
R(c,q,q,Hi), that depends on the applied field and on t
scattering vector, but not on the geometry of the microstr
ture.

It is seen that the differential scattering cross section
pends not only on themagnitudeof the Fourier components
h(q) of the anisotropy field, but also~through the anglec!
on their orientation. Therefore, the variation ofdSM /dV
with H andq may depend on the crystallographic texture a
on other forms of anisotropy of the sample properties. F
simplicity, we shall here consider the isotropic case, wh
h(q) take on all anglesc with equal probability. In the Ap-
pendix, we examine the more general case of an arbit
texture in the orientation of the anisotropy field, and sh
that the texture has only small effects on the results for
scattering cross section.
4-5
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In the isotropic case, the response function may be a
aged over all the orientationsc ~for detail, see the Appen
dix!, that is,

dSM

dV
~q,Hi !5SH~q!Riso~q,q,Hi !, ~18!

Riso~q,q,Hi !5
1

2p E
2p

p

R~c,q,q,Hi !dc

5
MS

2

2Heff
2 F 11

cos2 q

S 11
MS

Heff
sin2 q D 2G . ~19!

In the limit Heff@MS, Eq. ~19! suggests thatdSM /dV}1
1cos2 q, and independent of the value ofHeff the ratior of
the scattering cross section normal to the applied magn
field over the scattering cross section parallel to the field
the value1

2.
The finding of enhanced scattering in the direction pa

lel to the magnetization contrasts with scattering by isola
ferromagnetic particles in a matrix, where the magnetic s
tering cross section is enhanced in the direction normal to
magnetization, according to the well-known variatio
dS/dV}sin2 q.29 In the latter case, the scattering contras
due a jump in themagnitudeof M at the interface betwee
magnetic particle and nonmagnetic matrix, in other words
a discontinuity of the component of the magnetizationpar-
allel to the field. By contrast, the scattering of interest in t
present work is due to the nonuniformorientation of the
magnetic moments~at constant magnitude ofM !. The spin
misalignment gives rise to fluctuations in the component
M which isnormal to the field.5 The elastic scattering due t
the static spin misalignment is similar to inelastic scatter
by spin-waves in so far as the spin-wave scattering also
lows the (11cos2 q) law ~see p. 53 in Ref. 36!.

By averaging Eqs.~18! and ~19! over the angleq, one
obtains the azimuthal average of the scattering cross se
on a two-dimensional detector. WhenSH is independent ofq
then the result is

dS̄M

dV
~q,Hi !5SH~q!R̄~q,Hi !, ~20!

R̄~q,Hi !5
MS

2

4Heff
2 F 21

1

S 11
MS

Heff
D 1/2G . ~21!

D. Measurement ofA and of SH

Based on the assumption that, near saturation, the res
and spin-misalignment scattering cross-sections are add
and using the fact thatdSR /dV is field independent nea
saturation, we have

dS̄

dV
~q,Hi !5

dS̄R

dV
~q!1SH~q!R̄~q,Hi !. ~22!
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For given values ofA and MS the response functionR̄ is
known and the only unknowns in Eq.~22! are the functions

dS̄R /dV and SH . Since the equation is linear inR̄, the
values of these functions at any given experimentalq can be
determined by a straight-line fit in a plot of the experimen
total scattering cross-section~measured at several magnet

fields! versusR̄(q,Hi) at that particular value ofq; this is
illustrated in Fig. 2~a!. The data in the figure is for nc Ni a
T55 K, q50.10 nm21, and is typical of our experimenta
results, details of which will be given below. It is emph
sized that no underlying model is required for the function
dependence ofSH on q. Instead, the value ofSH at each
experimentalq is measured independently by the fit.

When the exchange-stiffness constant in the expres
for Heff is treated as an adjustable parameter, then the fit
also provide information onA, as illustrated in the figure
when R̄ is computed with an arbitrary value ofA, then

dS̄/dV depends nonlinearly onR̄, contrary to Eq.~22!. The
‘‘true’’ value of A is identified as that value for which th
curvature vanishes. In the present work, a single value oA
was used to fit simultaneously the entire data set, at allq and
Hi , by Eq. ~22! ~one straight-line fit at eachq!. The experi-
mental value ofA was determined as that value that min
mizes the weighted mean-square deviationx between experi-
ment and the simultaneous fit to all the data, with t
weighting factors given, as usual, by the experimental unc
tainty of the individual data points. As a measure of t
uncertainty of the experimental value forA, we quote the
bootstrap standard deviation, that is, the standard devia
of the set of results forA that is obtained by analysis of man
samples with the same size as the actual data set, dr

FIG. 2. ~a! Experimental differential scattering cross secti

dS̄/dV for nc Ni at T55 K, q5q150.10 nm21, and at different

magnetic fieldsHi , versus response functionR̄(qi ,Hi). Values of
Hi ~in mT, and in order of decreasingR!: 110, 240, 490, 990, 1990
3990. The different symbols refer to computation ofR with differ-
ent values for the exchange-stiffness constant:A56.2310212 J/m
~n!, 9.2310212 J/m ~d!, 12.2310212 J/m ~h!; the dashed lines are
guides to the eye. The best straight-line fit~solid line! is obtained
for A59.2310212 J/m; the values of the anisotropy-field scatteri

functionSH and of the residual scattering cross-sectiondS̄R /dV at
q5q1 are given by the slope and the intercept of the line, resp
tively. ~b! Reduced mean-square deviation between experiment
fit, x2/v, versus exchange-stiffness constantA for nc Ni at T
55 K.
4-6
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randomly from the data and allowing for multiple occurren
of individual data in the sample~see Ref. 37 for details!.

It is noted thatA is more generally computed from exper
mental values for a closely related quantity that governs
dynamicsof the spin system, the spin-wave stiffness const
D. The most direct method for measuringD,inelasticneutron
scattering, requires energy-resolved data from triple axe
time-of-flight instruments. Standard experimental SANS
strumentation measures an energy-integrated differe
scattering cross-section and is therefore unable to discr
nate between the elastic and the inelastic scattering. H
ever, inelastic~magnon! scattering is restricted to scatterin
angles below a critical angleuC , and measurement ofuC at
H50 provides an alternative way of measuringD based on
SANS data,38 in particular using polarized neutrons.39 In
nanocrystalline materials the accuracy of this method may
compromised by the strong elastic magnetic SANS ba
ground. In studies of the static magnetic microstructure
is interested in measuring the purely elastic magnetic SA
signal. In spite of the lack of energy resolution, this can
achieved by making use of the known fact thatuC depends
on the applied magnetic field,40 and that spin-wave scatterin
is entirely suppressed at sufficiently high fields.41 For the
spin-wave dispersion relation\v5Dq21gmBm0H, where
\v denotes the spin-wave energy, it can be shown that
requirements of conservation of momentumk05k11q and
energy\2k0

2/(2m)5\2k1
2/(2m)1\v cannot be satisfied si

multaneously for any scattering vector in the small-angle
gime when the field exceeds the critical value

H* '
\4k0

2

4m2gm0mBD
~23!

~m, g, k0 , andk1 denote, respectively, the neutron mass,
g factor, and the incident and scattered neutron w
vectors!.42 For H>H* the magnetic SANS is entirely elas
tic, as is required for analyzing the data in terms of o
model.

The separation ofdS̄R /dV and dS̄M /dV can be inde-
pendently verified by experiments with a polarized neut
beam. Since the spin-misalignment scattering is indepen
of the polarization of the incident beam, the difference in
scattering cross sections for the two polarization states
pends only on the residual scattering, and it is independen
the applied field. Equation~12! supplies the well-known re
sult ~compare, for instance, Ref. 43!.

dS2

dV
2

dS1

dV
5

2

V
bnucbmagsin2 q PR~q!. ~24!

PR denotes an interference function of the residual scat
ing, PR(q)5( j ,l exp@iq(xj2xl)#. In principle, PR may be
measured by the dependency ofdS/dV on the polarization,
provided that the nuclear and magnetic scattering-length d
sities in the defects that give rise to the residual scattering
known.
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III. EXPERIMENT AND DATA REDUCTION

We investigated nanocrystalline Ni and Co samples p
pared by pulsed electrodeposition~see details in Refs. 24 an
25!; the samples are sheets with a thickness of 100–300mm.
Measurement by the Archimedes method indicated a m
density of (100.060.2)% of the literature value for the
coarse-grained materials, suggesting low porosity a
hence, small residual scattering cross section. Hot extrac
on the nc Ni sample yielded light elements impurities
0.014 at. % hydrogen, 0.017 at. % nitrogen, and 0.0045 a
oxygen. Nanocrystalline Ni prepared under identical con
tions contains typically 0.1–0.3 at. % S and 0.1–0.2 at
C.44 As a reference material for the determination of t
exchange-stiffness constant we used a polycrystalline
sheet~purity: 99.99%! cold-rolled from 1 to 0.25 mm thick-
ness.

X-ray scattering was recorded in Bragg-Brentano geo
etry with Mo Ka1/2 radiation and a Si~Li ! solid state detec-
tor. The magnetization isotherms were measured in a su
conducting quantum interference device~SQUID!
magnetometer. Rectangular rods typically 532 mm2 were
cut from the samples and mounted with the long axes pa
lel to the magnetic field. Both for the magnetization resu
and for the SANS data analysis, the magnetic field was c
rected for demagnetization, with demagnetization factors
timated from the values for spheroids with aspect ratios si
lar to the samples. A typical value ofNd is 0.01 for the
SANS samples, and the correction was found important o
at small applied magnetic fields.

The Co sample for the SANS experiments was prepa
by stacking two disks of 19 mm diameter and a total thic
ness of 160mm, whereas the Ni sample was a single, 33
mm-thick sheet of similar lateral dimensions. The col
worked sample consisted of a stack of four cold-rolled stri
in an effort to minimize the anisotropy in the plane the str
were mounted with the rolling direction rotated successiv
by 90° about the sample normal.

The ambient temperature SANS experiments were car
out at the 30-m SANS~NG3! instrument at the Nationa
Institute of Standards and Technology Cold Neutron R
search Facility45 ~NCNR! with a wavelengthl50.6 nm and
a wavelength spreadDl/l50.15. The samples wer
mounted on 12.7-mm-diameter Cd apertures and suspe
between the pole pieces of an electromagnet with a m
mum field ofm0H51.8 T, oriented horizontally and norma
to the incident beam. The field at the sample position w
determined by a Hall probe and the lowest field, due to
remanence of the magnet, was found to be 1.3 mT.
SANS measurements were carried out with the sample
taken to the maximum field and the data then recorded
subsequently lower experimental fields. The runs with a n
polarized beam involved series of measurements with v
ous magnetic fields at each of three different sample
detector distances, covering theq range of about 0.02–3
nm21. The data were corrected in the usual way for abso
tion, detector efficiency, and background, and were c
verted to absolute units with the aid of a porous SiO2 stan-
dard. The sample transmission was measured for each fi
4-7
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TABLE I. Results of Bragg-reflection profile analysis.L111 andL200, area-weighted mean column length
in the respective crystallographic direction.darea and dvolume, area- and volume-weighted equivalent me
sphere diameters of the crystallites.a and b, stacking fault and twin fault probability, respectively.L fault ,
estimated mean distance between faults.«, estimated microstrain.

L111

~nm!
L200

~nm!
darea

~nm!
dvol

~nm! a b
L fault

~nm!
«

~%!

nc Ni 11 6 49 <0.002 0.05 4.3 0.4
nc Co 9.563.0 0.1 1.9 <2.0
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but was found to increase only insignificantly, from 0.833
0.844 for the example of Ni, when the field was increas
from 1.3 mT to 1.8 T.

The experiments with polarized neutrons at NIST use
supermirror transmission polarizer and a microwave sp
flipper in the primary beam; the polarization of the scatte
neutrons was not discriminated. These experiments w
only carried out at a single sample-detector distance,
were therefore restricted to theq range 0.08–0.7 nm21. The
polarization of the incident beam,p5uI 12I 2u/(I 11I 2),
was determined by measuring the transmission with a sec
supermirror inserted in the primary beam as the analyzerI 1

andI 2 denote the transmitted intensities with the spin-flipp
on and off, respectively. The values ofp were found to be
0.94 and 0.89 for the two spin orientations.

A SANS experiment with nc Ni at cryogenic temperatur
was carried out at instrument V4 at the Berlin Neutron Sc
tering Center, using a nonpolarized beam and a 5-T cr
magnet with a vertical field. The sample was mounted o
6-mm Cd aperture. The experimental procedure was an
gous to the one at NCNR, withl50.6 nm,Dl/l50.11, and
an estimated remanent field of 1 mT. Care was taken
correct for the comparatively strong scattering by the
trance and exit windows of the cryostate.

Materials parameters for Ni~Co in brackets! used in the
data analysis areg factor g52.21(2.21), ra59.13
31028m23 (9.0531028m23), ma50.616mB(1.708mB),
henceMS5522 kA/m(1434 kA/m).6

IV. EXPERIMENTAL RESULTS

A. Wide-angle x-ray scattering

Planar defects, such as grain- and twin boundaries,
potential sources for discontinuities in the magnetic anis
ropy field and it is therefore of interest to characterize
nature and number of these defects in the nanocrysta
samples. To this end, we analyzed wide-angle x-ray sca
ing data within the theoretical framework established
Warren.46 Because of strong reflection overlap in Co, t
more rigorous Warren-Averbach analysis46 could only be ap-
plied to the Ni sample. An approximate analysis based on
integral width of the Bragg reflections47 was applied in the
case of Co. The results are summarized in Table I.

The x-ray scattering curves are displayed in Fig. 3. F
Ni, the ^200& Bragg reflection is found to be wider tha
^111&, and consequently the value of the area-weighted m
column length in thê 200& crystallographic direction ob
tained by the Warren-Averbach analysis,L200, is consider-
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ably smaller than the one for thê111& direction,L111 ~see
Table I!. This indicates that stacking faults or twin boun
aries contribute to the broadening of the reflections.46 The
stacking fault probabilitya was determined by analysis o
the reflection positions46 and found to be insignificant
Therefore, the fault-induced broadening is dominated by
contribution from twin boundaries. The mean spacing b
tween grain boundariesL and the twin boundary probability
b was computed based on the experimental values forL111,
L200, and a ~see Sec. 13.5 in Ref. 46!. An area-weighted
mean grain size~based on an approximation of the grains
spheres! was obtained asdarea5

3
2 L,48,49 and the mean dis-

tance between twin boundaries was estimated asL twin
5d111/b with d111 the ^111& interplanar spacing. WhileL111
and L200 are of the order of 10 nm the considerably high
value of 49 nm is found for the ‘‘true’’ grain size,darea.

50 On
the other hand, the mean distance between twin boundari
estimated at only 4.3 nm, so that each grain contains sev
twin boundaries.

The scattering curve of nc Co, Fig. 3~b!, indicates a hcp
lattice structure, and the widths of the Bragg reflections
seen to be even more different than in Ni, with the^101& and
^201& reflections considerably wider than the remaining on
This is known to indicate a high density of stacking faults46

in agreement with the low stacking-fault energy of Co.
volume-weighted mean grain sizedvol ~Refs. 47 and 49! was
estimated by analysis of the integral breadth of those refl
tions that are exclusively broadened due to grain size
strain ~^100&, ^002&, ^112&, ^004&!, and the stacking fault
probabilitya was determined by using Eq.~13.85! in Ref. 46
in conjunction with mean column lengths estimated from
integral breadth of thê101& reflection. The grain size is
found to be quite small, about 10 nm, but the mean dista

FIG. 3. X-ray diffraction intensity versus scattering angle 2u for
nc Ni ~a! and nc Co~b!.
4-8
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ANALYSIS OF THE SMALL-ANGLE NEUTRON . . . PHYSICAL REVIEW B63 214414
between faults, estimated asL fault5d002/a ~with d002 the
basal interplanar spacing!, has an even smaller value of 1
nm.

Table I also lists values for the microstrain« estimated
from the scattering data.

B. Magnetization

Figure 4 shows magnetization isotherms for nc Ni and
Co. It is seen, that the materials are nearly saturated a
applied field of aboutm0H50.2 T; the small-misalignmen
limit is therefore expected to be satisfied for this and hig
fields. Estimates of the coercive field for nc Ni~nc Co in
brackets! arem0HC51.8 mT(2.2 mT) atT55 K and 0.2 mT
~0.2 mT! at T5300 K. The coercivity values are of limite
accuracy due to the hysteresis of the cryomagnet, but
show qualitatively that the samples are magnetically s
High field extrapolations of the low-temperature isotherm
recorded up to a maximum field of 5.5 T, yielded saturat
mass-magnetizations of 58.0~1! A m2/kg and 160.8~3!
A m2/kg for Ni and Co, respectively, values that are with
1% and 2%, respectively, of the literature values6 of 58.57
A m2/kg for coarse-grained Ni and 163.1 Am2/kg for coarse-
grained hcp Co. This confirms recent results for the satu
tion magnetization in electrodeposited nc Co, Ref. 51.

FIG. 4. Magnetization isotherms atT55 and 300 K for nc Ni
~a! and nc Co~b!.
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C. Unpolarized SANS

The experimentaldS̄/dV from the unpolarized runs, re
corded at different combinations of magnetic field and te
perature, are displayed in Fig. 5. The scattering cross sec
is seen to diminish strongly when the magnetic fieldH is
increased, in the case of nc Ni and nc Co atT5295 K by
close to three orders of magnitude. Although the samples

nearly saturated atm0H50.2 T, dS̄/dV continues to vary as
a function of H throughout the experimentally accessib
range of applied fields, which extends to the much hig
values of 1.8 T for the ambient temperature runs and 4 T at
cryogenic temperature. This suggests that the scattering
nal is dominated by the progressive alignment of magn
moments in the nearly saturated ferromagnet, as investig
by the theory in Sec. II. The strongly field-dependent sig
cannot originate from magnetized particles in a nonmagn
matrix ~or from nonmagnetic particles or pores in a magne
matrix!, since the scattering contrast between a particle
the matrix would remain essentially constant, independen
H, once the sample was near saturation. It is also seen
the region of maximum curvature in the log-log plots

dS̄/dV versusq is shifted to largerq as the field is in-
creased. In SANS data the scattering vector at maxim
curvature often corresponds to 2p over a characteristic
length scale; therefore the observation is consistent with
notion ~compare Sec. II A! that increasing the magnetic fiel
leads to a suppression of the long-wavelength magnetic fl
tuations of the magnetization, so that the dominant wa
length is progressively reduced.

In order to verify the elastic nature of the SANS sign
comparative measurements with wavelengthsl50.6 and 1.1
nm were performed on the nc Co sample atT5295 K. Fig-
ure 6 shows that the differential scattering cross section
function of 4p sin(u)/l, where the scattering angle is 2u.
This is not expected for inelastic scattering and confirms
elastic nature of the scattering signal.

As an illustration of the azimuthal anisotropy of the sc
tering pattern on the area detector, Fig. 7, shows the fi
s

,

FIG. 5. Experimental differential scattering cross sectiondS̄/dV versus modulusq of the scattering vector for different magnetic field
and for ~a! cw Ni, ~b! nc Ni at 295 K,~c! nc Ni at 5 K, and~d! nc Co. Values of the magnetic fieldm0Hi @from top to bottom~mT!#: ~a!
5, 87, 190, 570, 1710;~b! 0.5, 39, 88, 190, 570, 800, 1240, 1790;~c! 0.5, 40, 110, 240, 490, 990, 1990, 3990;~d! 5, 43, 87, 180, 390, 770
1140, 1740.
4-9
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dependence of the ratior of scattering cross section norm
to the applied magnetic field to the cross section paralle
the field at scattering vectorq50.1 nm21. r was determined
as the ratio of615° sector~q! averages ofdS/dV in the
respective directions and at the particular scattering vec
examples for the fullq dependence can be found in the d

FIG. 6. Azimuthal average differential scattering cross sect

dS̄/dV for nanocrystalline Co atT5295 K measured with wave
lengths of 0.6 nm~solid circles! and 1.14 nm~open circles!, plotted
as a function ofq54p sin(u)/l. The good agreement between th
two data sets indicates that the scattering is elastic.
21441
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play of the polarized scattering data, Fig. 8 below. Two d
sets, nc Ni atT55 K and nc Co atT5295 K, showr ,1 in
agreement with the theoretical result for spin-misalignm
scattering@see Eq.~19!#. The results for cold-worked Ni and
for nc Ni at T5295 K haver .1, in disagreement with the
theory.

D. Polarized SANS

Figure 8 displays results obtained with polarized neutro
for the Co sample at ambient temperature. The closed s
bols refer to615° sector averages of the scattering cro
section forq parallel to the applied field, whereas the ope
symbols refer to analogous averages forq normal to the ap-
plied field. Circles and triangles denote the two spins sta
but dS/dV varies very little when the incident neutron sp
is flipped, and the difference is not resolved in the figu
except at the highest applied field, where the total scatte
intensity is small. The difference between the spin up a
spin down values ofdS/dV for q normal to the field,
DdS/dV, is plotted in Fig. 9, for nc Ni and nc Co. It is see
that DdS/dV is much smaller thandS/dV, and that
DdS/dV is independent ofH. As discussed in Sec. II B the
polarization dependence ofdS/dV originates from interfer-
ence between magnetic and nuclear scattering. Since
scattering due to spin misalignment varies strongly as a fu
tion of H, the finding of a field-independentDdS/dV can
only be understood if there is no interference between
nuclear and spin-misalignment scattering amplitudes. Th
fore, the result supports the assumption, underlying the
cussion in Secs. II B and II D, of negligible interference b
tween spin-misalignment scattering and residual scatter

n

-
us

g

FIG. 7. Azimuthal anisotropy of the experi
mental differential scattering cross section vers
internal magnetic fieldHi , evaluated at q
50.1 nm21. r denotes the value of the scatterin
cross section forq normal to the field over the
one forq parallel to the field.
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FIG. 8. Results of polarized
scattering runs for nc Co at ap
plied magnetic fields ofm0H56,
200, and 1750 mT as indicated i
the figure. The data are615° sec-
tor averages of the differentia
scattering cross section paralle
~full symbols! and transverse
~open symbols! to the field direc-
tion with spin-flipper off~circles!
and on~triangles!. TemperatureT
5295 K.
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and it suggests that the interference is related to the s
residual scattering cross section from pores or second ph

For nc Ni the values ofDdS/dV at the lowest applied
field ~6 mT! are found to be nearly zero, in other word
dS/dV is practically independent of the incident polariz
tion. This can be attributed to the deviation from the ma
netically nearly aligned state and to the formation of a m
netic domain structure, which may result in depolarization52

V. DISCUSSION

A. Small misalignment criterion

We have noted that the dependency of the azimuthal
erage differential scattering cross section on the applied m
netic field and on the scattering vector is in qualitative agr
ment with the predictions of the theory for scattering due
spin misalignment. For nc Ni atT55 K and for nc Co atT
5295 K, the dependence ofdS/dV on the azimuthal angle
q is also in agreement with the theory, with the different
scattering cross section enhanced in the direction paralle
the applied field (r ,1). This supports that the scatterin
originates from small fluctuations of the magnetization dir

FIG. 9. DifferenceDdS/dV between the differential scatterin
cross sections with the spin flipper on and off, respectively, m
sured in the direction normal to the applied magnetic field. Diagr
on the left, nc Ni; on the right, nc Co. Different symbols refer
different applied magnetic fields as indicated in the figure. Te
peratureT5295 K.
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tion in a material with otherwise uniform and aligned ma
netization. By contrast, for cw Ni and for nc Ni atT
5295 K the differential scattering cross section is enhan
in the direction normal to the applied field (r .1), up to the
highest field investigated; this suggests thatdS/dV is here
dominated by the scattering contrast from moments that c
not be aligned even with an applied field of 1.8 T. It
known that ‘‘exchange anisotropy’’ due to antiferromagne
coupling at metal-oxide interfaces in isolated particles53 and
nanocrystalline materials54 can strongly pin the magnetiza
tion. However, the total oxygen content in the nanocrys
line Ni sample was found to be quite low~0.0045 at. %,
compare Sec. III!, and scattering runs with an annealed
sheet from the same batch as the cold worked sample
r ,1 and a much smaller scattering cross-section than cw
therefore the finding ofr .1 appears not to be due to ex
change bias at oxide inclusions.

A possible alternative explanation for the strongly pinn
moments is that the changes of the local atomic coordina
and spacing in the core of defects, such as dislocation
grain boundaries, may induce either very high local values
the magnetic anisotropy or even local antiferromagnetic c
pling. A large anisotropy at grain boundaries would ha
analogies in the surface anisotropy in isolated nanopartic
Because the exchange interaction suppresses discontin
changes in the spin orientation, the local canting of
atomic spin at defects would entail extended gradients of
misalignment in the surrounding matter; such gradients o
Eq. ~2! and will therefore give rise to SANS with a field
dependence similar to that discussed in Sec. II C.

The evolution fromr .1 to r ,1 upon cooling nc Ni may
be understood as a result of the temperature dependen
the magnetocrystalline anisotropy, which increases in m
nitude by a factor of about 20~in single crystals!6 between
295 and 5 K, thereby increasing the spin misalignm
throughout the entire sample and enhancing the scatte
from those micromagnetics fluctuations that are conside
in the model.

B. Exchange-stiffness constant

We shall now assess the model by discussing results
the exchange stiffness constantA and for the anisotropy field

-

-
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FIG. 10. Fit ~lines! to the experimental data~d! of Fig. 5 based on Eq.~22!; the lines connect the values ofdS̄Fit/dV at the discrete
experimentalq andHi . The data at the lowest applied fields may contain inelastic scattering and are therefore ignored. The value
remaining magnetic fields are as in Fig. 5. The open circles~lowest curve in each plot! represent the residual scattering cross secti

dS̄R /dV.
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scattering functionSH obtained by fitting the experimenta

dS̄/dV obtained with an unpolarized neutron beam by
micromagnetics model, as discussed in Sec. II D. We s
examine all four data sets, bearing in mind that a prerequ
of the model, the small misalignment approximation, is o
satisfied in nc Co atT5295 K and in nc Ni atT55 K,
whereas it is, at least locally, violated in nc Ni and cw Ni
T5295 K. Literature data for the spin-wave stiffness co
stantD, which are confirmed by our independent determin
tion ~see below!, suggest the estimates for the field requir
to suppress magnon scattering@Eq. ~23!#, H* 590 mT for Ni
andH* 570 mT for Co; in order to guarantee that the sc
tering is elastic, only data recorded at fields>H* were con-
sidered in the analysis. The fits were also limited to data
q<q* 5Am0MSHmax/(2A) with Hmax the largest applied
magnetic field, because Eqs.~6! and ~7! predicts that the
effective fieldHeff will show no significant dependence o
the applied magnetic fieldH for q.q* . By inspection of

Eqs.~20! and ~21! it is seen thatdS̄/dV is then practically
independent ofH, with the consequence that no reliab
separation between spin misalignment scattering and res
scattering is possible forq.q* .

Figures 10~a!–10~d! display the experimentaldS̄/dV for
unpolarized neutron beam~compare Fig. 5! together with the
best fits by Eq.~22!. It is seen that for all specimens an
throughout the entire experimental range of magnetic fie
and scattering vectors, the fit reproduces the dependenc

dS̄/dV on the scattering vector and on the magnetic field
good agreement with the data. In accordance with that
servation, the minimum values in the reduced mean-squ

TABLE II. Ferromagnetic exchange-stiffness constantA and
spin-wave stiffness constantD determined by analysis of the SAN
data.

cw Ni nc Ni nc Co

T ~K! 295 5 295 295
A (10212 J/m) 8.260.2 9.260.2 7.660.3 2861
D ~meV Å2! 400610 450610 370620 500620
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deviation between experiment and fit,x2(A)/v ~wherev re-
fers to the number of degrees of freedom!55 are found to be
of the order of unity, supporting the validity of the mode
The well-defined minimum inx2/v is illustrated in Fig. 2~b!
for the example of nc Ni atT55 K. The values ofA inferred
from the minima inx2(A) are displayed in Table II.

The spin-wave stiffness constantD is related toA via D
52AgmB /(rama),22 and the results forD inferred from our
data are also shown in Table II. Previous measurementsD
by inelastic neutron scattering on single-crystal samp
yielded D5374620 meV Å2, D5433 meV Å2, and D
5420 meV Å2 for Ni,56–58andD5490620 meV Å2 for hcp
Co.59 It is seen that our results are in excellent agreem
with the literature data. The observed increase inA ~andD!
of nc Ni by (2165) % of the ambient temperature valu
between 295 and 5 K is comparable to a reported increase
31% in single crystals.58

Comparing the experimental value ofA in nanocrystalline
materials to that of coarse-grained polycrystalline or sing
crystal samples is of interest since analytical14 and
numerical13 models indicate that a local reduction ofA at
internal interfaces can significantly increase the coerciv
and reduce the remanence in nanocrystalline ferromag
and in ferromagnetic nanocomposites where the grains
separated by an interfacial phase with magnetic proper
that differ from those of the grains. Our result forA in nc Ni
is somewhat smaller than that in cw Ni, but since the diff
ence is comparable to the experimental error the results
compatible with the assumption of a uniform value ofA that
underlies our theory. In other words, we find no conclus
evidence for a local reduction ofA at grain boundaries in N
and Co.

C. Residual scattering cross section

Also shown in Fig. 10 is the residual scattering cross s
tion determined from the fits to the experimental data. It
seen that the total scattering is significantly above the
sidual scattering even at the highest applied field, sugges
that there may be significant spin-misalignment scatter
even in samples that are considered saturated in com
SANS data analysis.
4-12
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ANALYSIS OF THE SMALL-ANGLE NEUTRON . . . PHYSICAL REVIEW B63 214414
For Co the computeddS̄R /dV is zero within error bars

for q.0.1 nm21. This is unphysical since the truedS̄R /dV
cannot be smaller than the nuclear incoherent scattering c

section. The finding suggests qualitatively thatdS̄R /dV is
considerably smaller than the total experimental scatte
cross section at the highest applied magnetic field; in o
words, the spin-misalignment scattering is dominant at
applied fields, and a much higher field would have been n
essary to suppress the spin-misalignment scattering s
ciently for the weak residual scattering to be resolved. I
noted that the difference cross section of the polarized d
for nc Co, Fig. 9 above, is also considerably smaller than
total cross section of that sample at the highest applied fi
Since the difference cross section scales with the resi
scattering cross section, compare Eq.~24!, this result sup-
ports qualitatively the conclusion that, forq.0.1 nm21,

dS̄R /dV in nc Co is small compared to the spin
misalignment scattering

D. Anisotropy field scattering function

Besides separating the spin-misalignment scattering f
residual scattering, the fits to the scattering data by Eq.~22!

FIG. 11. Log-log plot of the anisotropy field scattering functio
SH(q) determined from the fits in Fig. 10.
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also yield the anisotropy field-scattering functionSH(q). Ex-
cept for a dependency on known materials parameters,SH
depends only on the Fourier coefficients of the anisotro
field HP(x); because of the formal similarity of the definin
equation forSH , Eq. ~16!, to the corresponding expression
for nuclear scattering the established procedures for cha
terizing the nuclear microstructure from experimen
nuclear SANS cross sections can be used analogously to
tain information onHP(x).

Figure 11 displays the results forSH(q). For cw Ni, SH
can be approximated by a power law inq with an exponent
21.9 in the entireq range. The results for the nanocrystallin
samples have a weaker dependence onq, and it can be seen
thatSH for the nc Ni sample decreases when the tempera
is increased. It has been proposed that the volumetric m
square anisotropy field can be computed from the exp
mentalSH based on an invariant of the anisotropy field sc
tering function:22

^uHPu2&V5
MS

2

2p2bmag
2 ra

2 E
0

`

SH~q!q2dq. ~25!

Evaluation of the integral in the restricted interval ofq ac-
cessible to experiment~compare Fig. 11! yields a partial in-
variant and, thereby, suggests lower bounds for the me
square anisotropy field; the results for this quantity a
displayed in Table III.

For the idealized case of a saturated, texture-free p
crystal where only magnetocrystalline anisotropy is prese
the value of̂ uHPu2&V can be computed as follows: at satur
tion, the magnetization is aligned with the applied fie
throughout the material, whereas the crystallographic e
axes of the individual grains are randomly oriented in spa
This means that the magnetization takes on all orientati
relative to the crystallographic axes with equal probabili
The expectation value foruHPu2 in the saturated polycrysta
can therefore be computed by averaginguHPu2 in a single
crystal over all orientations ofM relative to the crystallo-
graphic axes. In other words, the volumetric mean-squ
anisotropy field^uHPu2&V in the polycrystal coincides with
the orientation mean square anisotropy field^uHPu2&V of a
single-crystal. Table III displayŝuHPu2&V computed from
literature data for the dependency of the anisotropy ene
on the crystallographic orientation in single crystals.6

It is seen that the experimental bound for^uHPu2&V in all
Ni data sets is larger than the theoretical^uHPu2&V . This may
be understood as a result~i! of the contribution of magneto
elastic anisotropy toHP on top of the magnetocrystallin
TABLE III. Lower bounds for the volumetric root-mean-square~RMS! anisotropy field̂ uHPu2&V
1/2, de-

termined from the partial invariant of the anisotropy field scattering functionSH(q). The columns labeled Ni
~cryst! and Co~cryst! refer to the orientation-averaged RMS magnetocrystalline anisotropy field^uHPu2&V

1/2 in
single crystals of Ni and Co, respectively, and were computed from data in Ref. 6.

cw Ni nc Ni nc Co Ni ~cryst! Co ~cryst!

T ~K! 295 5 295 295 4.2 296 288
m0^uHPu2&V

1/2 ~mT! 43 126 92 101
m0^uHPu2&V

1/2 ~mT! 93 4 320
4-13
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J. WEISSMULLERet al. PHYSICAL REVIEW B 63 214414
anisotropy, and~ii ! of the existence, inferred from the az
muthal anisotropy ofdS/dV, of additional scattering from
spin canting that decorates pinning centers at defects. In
the agreement is best for nc Ni atT55 K, were the magne-
tocrystalline anisotropy is strong and is therefore expecte
contribute dominantly tô uHPu2&V . A similar enhancemen
of the anisotropy constant, relative to the value in the coa
grained material, has also been inferred by analysis of
approach to saturation in nc Fe.54

For nc Co at 295 K the experimental lower bound f
^uHPu2&V is smaller than the theoretical^uHPu2&V . In fact,
the experimentalSH(q) of all samples diminish more slowly
than q22, so that the integral in Eq.~25! shows no sign of
convergence within the experimental interval ofq, limited to
qmax50.3 nm21. This suggests that important contributio
to the integral are atq values higher than 0.3 nm21, corre-
sponding to structures smaller than roughly 2p/qmax

'20 nm. This agrees with the finding of the x-ray analy
that the grain size of Co is only about 10 nm, and that
distance between twin boundaries or stacking faults are e
smaller, about 4 and 2 nm in Ni and Co, respectively. In
twin boundaries are on̂111& planes, and the easy axes
along the^111& lattice directions. It is readily verified tha
three out of four easy axes are discontinuous at any t
boundary and that, unless the magnetization is aligned w
the fourth direction~i.e., along the twin boundary normal!,
the anisotropy field will also be discontinuous. Therefore,
large number of twin boundaries in nc Ni leads to nonu
formity of the anisotropy field on a scale much smaller th
the grain size, which cannot be resolved inSH(q) due to the
finite qmax. In Co, twin boundaries and stacking faults are
the basal planes, and the easy axes is along the normal o
basal planes. Here, the easy axes is continuous at the p
defect, so that there will be no long-range inhomogeneity
the anisotropy field. However, the presence of defects m
lead to localized nonuniformity of the anisotropy in the im
mediate vicinity of the defect.

Straight lines fitted to the low-q part of the data in a plo
of ln SH versusq2 ~Guinier plot! have the sloper G/3 with r G

the radius of gyration.60 Similar to nuclear scattering, wher
r G is a measure for the particle size,r G deduced from the
anisotropy field-scattering function is a measure for the s
of regions in which the anisotropy field is aligned parallel22

In an idealized nanocrystalline ferromagnet with purely m
netocrystalline anisotropy, the radii of gyration of the cry
tallites and of the anisotropy field will coincide. We cou
not evaluater G for nc Co since the Guinier plot does n
give a straight line, but for nc Ni the plot, Fig. 12, is approx
mately linear and the fits suggestr G520 nm atT55 K and
r G522 nm atT5295 K. For idealized spherical grains o

diameterd the radius of gyration isr G5( 3
5 )1/2d/2, in other

words, r G519 nm would be inferred from the x-ray resu
d549 nm, in apparent agreement with the results obtai
from SH . Note that when there is a set of objects with
distribution of sizes, then the experimentalr G is heavily
weighted towards the largest objects.61 Our result forr G in
nc Ni is therefore compatible with our earlier conclusion th
21441
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the anisotropy field also exhibits additional structure on
much smaller scale than 20 nm.

E. Validity of the model at small magnetic field

Despite the lack of rigorous justification for doing so it
of interest to compare the predictions of Eqs.~20!–~22! to
the experiment at small applied magnetic field where
mean misalignment angle of the magnetization is not sm
To this end, Fig. 13 displays the scattering data for Co in
complete range of scattering vector and field together w
the model. The parameters of the fit are the same as in
10~d!, in particular, only data recorded at magnetic fiel

FIG. 12. Log-linear plot of the low-q part of SH(q) versusq2

~Guinier-plot ofSH) for nc Ni atT55 K ~d! and atT5295 K ~s!.
The solid lines are the straight lines of best fit to the data.

FIG. 13. Symbols, experimental azimuthal average differen

scattering cross sectiondS̄/dV for nc Co atT5295 K as in Fig.
5~d!. Solid lines, fit to the data at magnetic fieldsm0Hi>180 mT, as
in Fig. 10; dashed lines, extrapolation to data recorded at sm
magnetic fields.
4-14



he

a
x-
r
e
a
ld
e

i-

te
th
ag

q
e

lin

a
in
om
of
e
a
-
d
in
th
a
e
er
a
ry
o
te
t
b
b
in
r
,
s

th
th
n

in-
ith

ics
on

d as
he
is

ngth
ag-

zed

idly
ing

do-
soft
s or
ns
uc-
n-

od-

of
nly
-
e,
ot-
to
ing

n

n
-

on
t
ex-
sent
n
ets
ile
of
an-
l is

g-
his

ANALYSIS OF THE SMALL-ANGLE NEUTRON . . . PHYSICAL REVIEW B63 214414
m0Hi>180 mT are considered in computingSH(q) and

dS̄R /dV(q). Based on that fit, the figure also displays t

dS̄/dV computed by extrapolation to the smaller intern
fields of m0Hi52.3, 46, and 91 mT. It is seen that the e
trapolated data practically interpolate the experiment foq
.0.06 nm21, and that there is qualitative agreement at low
q. This supports the finding from the Ni data at 295 K, th
Eqs.~20!–~22! appear to give a good description of the fie
dependence of the scattering even when the misalignm
angle is not small.

In the interval 0.1<q<0.2 nm21 the experimental

dS̄/dV of nc Co at the lowest applied field is well approx
mated by a power law inq with an exponent of24.7~1!. The
corresponding values for cw Ni and nc Ni atT5295 K, and
for nc Ni at T55 K are25.0~1!, 24.9~1!, and24.9~1!, re-
spectively. It is noted that the steepest power law predic
by the models based on noninterfering hard spheres wi
distribution of sizes, used in previous data analysis of m
netic SANS,18,19 is the well-knownq24 law. Therefore, such
models do not apply to the present data. By contrast, E
~20! and ~21! can readily explain steep power laws for th
spin-misalignment scattering: when the magnetocrystal
anisotropy is dominant thenSH(q) has an asymptoticq24

decay at largeq,22 and by Eqs.~6! and ~21! the response
functionR varies also asymptotically asq24. Since the scat-
tering cross section is the product ofSH and R, the
asymptotic power law may be as steep asq28.

VI. CONCLUSIONS

We have analyzed the field dependent elastic SANS d
recorded on nanocrystalline and cold-worked polycrystall
Ni and Co near saturation in terms of a model derived fr
micromagnetics theory in the limit of small misalignment
the magnetization. We have found good agreement betw
theory and experiment for the samples with the highest m
netocrystalline anisotropy~Co at ambient and Ni at low tem
perature!. For Ni, both nanocrystalline and cold-worke
polycrystalline, at ambient temperature some spins reta
finite misalignment to the applied magnetic field even at
highest fields available; therefore the requirement for the
plicability of the theory is not strictly satisfied. However, w
find that for all samples the variation of the azimuthal av
age scattering cross sections with the scattering vector
the applied field can be excellently fitted by the theo
Moreover, the results for the ferromagnetic exchange c
stant are in good agreement with the published data de
mined by inelastic neutron scattering on single crystals. I
concluded that, where the small-misalignment limit can
reached, the theoretical predictions are well supported
experiment. When the misalignment of some spins rema
finite, there is no rigorous justification for applying ou
analysis, but the experiment remains, at least qualitatively
agreement with the theory, suggesting that the linearized
lution to the balance of torque equation@Eq. ~2!# may still
provide a useful approximation. It is emphasized that
analysis is not restricted to nanocrystalline materials, but
it applies quite generally to bulk ferromagnets with an a
21441
l

r
t

nt

d
a
-

s.

e

ta
e

en
g-

a
e
p-

-
nd
.
n-
r-

is
e
y
s

in
o-

e
at
-

isotropy that is nonuniform on a nanometer scale. This
cludes, in particular, amorphous ferromagnets w
‘‘random’’ 62 anisotropy.

The SANS data confirm the prediction of micromagnet
theory that near saturation the magnetic microstructure
the scale of 1 nm to several hundred nm may be describe
interpenetrating static fluctuations of the orientation of t
magnetic moments about the field direction; as the field
decreased both the amplitude and the dominant wavele
of the fluctuations increases. It has been suggested that m
netic SANS data from nanocrystalline solids can be analy
in terms of scattering by noninterfering hard spheres.18,19

This presupposes that the magnetic microstructure is val
described by an array of domains with uniform scatter
contrast~uniform magnetization!, with discontinuous jumps
of the magnetization at the domain boundaries. Such
mains are indeed generally observed in nanocrystalline
magnets, but their dimensions are on the scale of micron
above,63 beyond the resolution of SANS. Our consideratio
show that the SANS signal arises not from the domain str
ture, but from the continuous variation of the spin misalig
ment angle, which defines theinternal structure of domains
and which is not adequately described by hard-sphere m
els.

Finally, our data are in support of magnetic properties
elemental nanocrystalline ferromagnets depending not o
on the grain sized; instead, we infer that other factors be
sidesd can significantly affect the magnetic microstructur
in particular, twin boundaries and centers of strong anis
ropy or of antiferromagnetic coupling, potentially due
changes in the atomic coordination and interatomic spac
in the core of grain boundaries or dislocations.
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APPENDIX: RESPONSE FUNCTION FOR SANS BY
ANISOTROPIC MICROSTRUCTURES

The results of Sec. II C involve the restrictive assumpti
of an isotropic microstructure, an assumption that musa
priori be questioned for the cold-worked and, therefore, t
tured samples, which are considered as part of the pre
study. In fact, typical samples for magnetic SANS will ofte
exhibit a sheet geometry, for instance, thin films or she
deposited from vapor or solution or melt-spun ribbons; wh
it may be admissible to approximate the microstructure
such samples as isotropic in the plane, an out-of-plane
isotropy must be admitted since the sheet or film norma
generally a preferred direction~growth direction or direction
of solidification!. We shall now computedSM /dV of a
sample in which the distribution of the directions of the ma
netic anisotropy field exhibits preferred orientations. To t
4-15
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J. WEISSMULLERet al. PHYSICAL REVIEW B 63 214414
end, we assume that the Fourier coefficients of the ani
ropy field can be expressed ash(q)5( jhj (q) with thehj (q)
originating from individual grains or defects, and consid
only such cases where the directions of the anisotropy fi
of the individual defects are uncorrelated, so that ter
hi(q)•hj (q) with iÞ j take both signs with equal probability
Consequently, the expectation value for the sum over th
terms vanishes, and

uh~q!u25(
j

uhj~q!u2. ~A1!

Becausem and p are linear vector functions ofh and m,
respectively, Eqs.~A1! and ~5! imply that

um~q!u25(
j

umj~q!u2,

up~q!u25(
j

upj~q!u2,

dSM

dV
~q,Hi !5(

j
SH, j~q!R~c j ,q,q,Hi !, ~A2!

with SH, j (q)58p3 V21 bmag
2 ra

2MS
22 hj (q)2 @compare Eq.

~16!#. Note, that the decomposition of the anisotropy fie
Fourier transformh(q) into contributions from individual
‘‘defects’’ does not require that the corresponding structu
in real space be spatially separated; these contributions
overlap, for instance, when magnetoelastic anisotropy du
long-range strain fields from dislocations is considered.
cause perturbations of the spin-structure decay on a le
scale l H , the perturbations of the magnetization resulti
from the individualhj (q) will quite generally overlap, even
when the anisotropy fields of the microstructural eleme
are localized as in the case of the magnetocrystalline an
ropy of the individual grains in a polycrystalline or nanocry
talline solid.

For microstructures with a large number of defects in
total scattering volume the sum in Eq.~A2! can be replaced
by an integral over the orientation of the defects. This
conveniently done in terms of a distribution functions(q,c),
defined so that

(
j

SH, j~q!5s~q,c!dc, ~A3!

the sum being over all defects withh(q) oriented in the
interval @c2dc/2,c1dc/2#. By definition, the totalSH is
the sum over allSH, j , that is,

SH~q!5E
0

2p

s~q,c!dc. ~A4!

We can therefore express the anisotropy ofs(q,c) by the
Fourier series
21441
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s~q,c!5
1

2p
SH~q!S h0

c

2
1 (

w51,2,3,̄
hw

c ~q!coswc

1hw
s ~q!sinwc D , ~A5!

with hw
c (q) and hw

s (q) the Fourier cosine and sine coeffi
cients, respectively, of the function 2ps(q,c)/SH(q). For
instance,

hw
c ~q!52E

2p

p s~q,c!

SH~q!
coswc dc ~A6!

and, in particular,h0
c(q)52. In terms ofs(q,c),

dSM

dV
~q,Hi !5E

0

2p

s~q,c!R~c,q,q,Hi !dc. ~A7!

Substituting the Fourier series, Eq.~A5!, for s(q,c) in Eq.
~A7!, using Eq.~17! for R, and considering the symmetry o
the products of trigonometric functions in the sum, it
readily seen that the value of the integral vanishes for all
terms except those involving the constant and cos 2c; there-
fore

dSM

dV
~q,Hi !5SH~q!

1

2p E
0

2p

~11h2
c~q!cos 2c!

3R~c,q,q,Hi !dc. ~A8!

With R expressed by Eq.~17! this evaluates to

FIG. 14. The response functionR̄, Eq. ~A10!, versus the dimen-
sionless parameterHeff /MS for different values of the texture coef
ficient h2

c as indicated in the figure.
4-16
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dSM

dV
~q,Hi !5

1

2
SH~q!

MS
2

Heff
2

1

S 11
MS

Heff
sin2 q D 2

3F22S 122
MS

Heff
D sin2 q1

MS
2

Heff
2 sin4q

1
h2

c

2 H S 112
MS

Heff
D sin2q1

MS
2

Heff
2 sin4qJ G .

~A9!

Assumingh2
c to be a constant, independent ofq, we find for

the azimuthal average response function, to be used
Eqs.~20! and ~22!,

R̄~q,Hi !5
1

4

MS
2

Heff
2 F 21

1

S 11
MS

Heff
D 1/2

1
h2

c

2 S 22
1

S 11
MS

Heff
D 1/2D G . ~A10!
ev

s

, J
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In the limit of h2
c(q)50, Eqs.~A9! and~A10! reduce to the

results for the isotropic case, Eqs.~19! and ~21!.
It is readily seen that possible values forh2

c are in the
interval @22, 2#: in the limiting case where the anisotrop
field is entirely alongey ~in an experiment with a shee
sample with the incident beam along the normal of the sh
this means that the anisotropy field acts exclusively in
plane of the sheet!, s(q,c)}d(c2p/2)1d(c1p/2), it is
readily verified thath2

c522. By analogous reasoning it i
found that anisotropy exclusively along the sheet normal
sults in h2

c512. Figure 14 displays the functionR̄(q,Hi)
versus the parameterHeff /MS for h2

c50 and for the extreme
valuesh2

c522 andh2
c52. It can be seen that forHeff*MS

different values ofh2
c lead to response functionsR̄(q,Hi)

that differ, approximately, by a constant factor, whereas
functional form of the dependency on the applied magne
field remains almost unaffected. The anisotropy fie
scattering functions computed from a given data set
analysis in terms of Eq.~22! will therefore depend on the
choice ofh2

c only through a scaling factor, whereas the fun
tional form of SH will be little affected. Because real spec
mens will rarely exhibit the extreme anisotropy consider
above, it will generally be a reasonable approximation
neglect the texture at the higher effective fields, and to
the result for isotropic microstructures, Eq.~21! in Sec. II C.
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