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The effects of particle size on reversible shear thickening
of concentrated colloidal dispersions
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University of Delaware, Newark, Delaware 19716

~Received 28 December 2000; accepted 30 March 2001!

The particle size dependence of the reversible shear thickening transition in dense colloidal
suspensions is explored. Five suspensions of monodisperse silica are synthesized via the Sto¨ber
synthesis. The physicochemical properties of the dispersions are quantified using transmission
electron microscopy, dynamic light scattering, small angle light scattering, electrophoresis, and
viscometry. Rheology measurements indicate a critical stress marking the onset of reversible shear
thickening that depends on the dispersion’s particle size, concentration, polydispersity, and
interparticle interactions. A simplified two particle force balance between the interparticle repulsive
forces and the hydrodynamic compressive forces is used to derive a scaling relationship between
this critical shear stress and the suspension properties. The scaling is tested against the fully
characterized silica dispersions, which span nearly a decade in particle size. Furthermore, bimodal
mixtures of the dispersions are employed to evaluate the accuracy of the scaling to predict the
critical shear stress for dispersions with varying degrees of polydispersity. The success of the
scaling supports the hydrocluster mechanism for shear thickening and suggests methods for
controlling shear thickening by tailoring particle properties. ©2001 American Institute of Physics.
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I. INTRODUCTION

Colloidal dispersions in strong viscous flows can exhi
a unique transition that is characterized by a se
organization into stress-bearing clusters, often denoted
the term ‘‘hydroclusters.’’ This self-organized microstructu
is thought to be a consequence of the dominance of hy
dynamic lubrication forces, whereby the flow generates tr
sient packed clusters of particles separated from one ano
only by a thin solvent layer. Percolation of these hydrocl
ters leads to ‘‘jamming,’’ or the discontinuous, often erra
increase in shear viscosity at a critical shear stress. Evide
for the hydrodynamic basis of this phenomenon is provid
by rheo-optical experiments1,2 and stress-jump rheologica
measurements.3 Simulation predictions by Brady4 and co-
workers using the method of Stokesian dynamics, and l
by Boersma and co-workers5 and Melrose and co-workers6,7

provide computational evidence of the mechanism, wher
the statistical mechanical theory of Brady4,8,9 provides an
understanding of the microstructure resulting from the sin
lar nature of lubrication hydrodynamics. It should be not
that there are only limited measurements of the actual str
induced microstructure,2,10,11such that comparison of theor
and experiment are limited at present to macroscopic rh
logical response. Although the basic mechanism of sh
thickening is thought to be understood, detailed experime
tests that isolate the parameters controlling shear thicke
are lacking.

Control of shear thickening in colloidal dispersions
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also of technological relevance for numerous industrial pr
ucts such as paints, lubricants, pharmaceutical, and mi
abrasives that are often processed at high shear rates
stresses. Improving the performance of these materials o
requires delicate tailoring of the physicochemical propert
of the dispersions. Consequently, alterations in the partic
properties may require new processing conditions, or risk
possibility of encountering shear thickening, which c
cause equipment damage and failure, as well as irrevers
aggregation of the dispersion.

The relationship between particle properties in a disp
sion to shear thickening has been the subject in nume
investigations.1,5,9,12–19 A review of shear thickening by
Barnes16 summarizes the various suspended phase par
eters influencing shear thickening: particle size, polydisp
sity, shape, and interactions, as well as the properties of
continuous phase. In the review, Barnes regressed s
thickening data reported in the literature to determine that
critical shear rate for shear thickening scaled as the inve
of the particle radius squared. However, in drawing this c
clusion he did not consider the underlying microstructu
changes that facilitated shear thickening. Alternative
Hoffman19,20presented a physical model for shear thicken
based on the balance between interparticle and shear fo
In deriving the relationship, he surmised shear thicken
occurred when lubrication forces between neighboring p
ticles in a highly organized, layered flow induced particles
rotate out of alignment and destabilized the flow~denoted as
an order–disorder transition!. Later, Boersmaet al.5 fur-
thered Hoffman’s19 approach and simplified the force ba
ance to render a dimensionless critical shear rate, which
il:
4 © 2001 American Institute of Physics
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10515J. Chem. Phys., Vol. 114, No. 23, 15 June 2001 Reversible shear thickening
used to correlate the shear thickening from a number of
persions. In their model5,19 shear thickening occurs when hy
drodynamic lubrication forces exceed interparticle forc
which destabilizes particles flowing in a layered structu
and results in an increase in viscosity due to increased in
particle interactions.

Boersma and co-workers evaluated their model for p
dicting the onset of shear thickening against six dispersi
of various particle types, sizes, and polydispersities. Ho
ever, because the dispersions lacked congruency, they
not able to systematically isolate and investigate the effe
of each parameter independently. Further, their analysis
cused on electrostatic forces while neglecting van der W
and Brownian forces, which may have contributed subst
tially to the overall interparticle interactions for some of t
dispersions investigated. Finally, the premise that sh
thickening necessarily occurs from an order to disorder tr
sition has been refuted by measurements of the microst
ture change accompanying shear thickening, which supp
the mechanism first suggested by the Stokesian dyna
simulations of Bossis and Brady4,8,21 as verified by
others6,22,23 that shear thickening results from the formati
of a nonequilibrium, self-organized microstructure that d
velops under strong flows, denoted as ‘‘hydroclusters.’’

SANS measurements of the shear induc
microstructure10,11,13,15,24–26and associated rheo-optical1,2,13

and stress-jump measurements27 demonstrated that shea
thickening is a consequence of greatly increased lubrica
stresses associated with the hydrocluster formation. Be
and Wagner13 translated the concept of hydrocluster form
tion as the mechanism of reversible shear thickening
predictions of a critical stress for shear thickening by exp
itly considering the balance between interparticle and hyd
dynamic forces acting between two particles. A mean fi
correction was introduced to account for the added hydro
namic forces associated with the finite particle concentrat
This resulted in predictions of a critical stress for the onse
shear thickening that was successful in predicting the beh
ior of concentrated, hard-sphere dispersions.

Chow and Zukoski15,24 were able to partially scale th
shear rates at which their model, charge stabilized sus
sions shear thickened by a characteristic time given by
ratio of the solvent viscosity to the suspension’s static ela
modulus~the suspensions exhibited apparent yield stress!.
It was postulated that if the shear rates exceed the time
quired for density fluctuations to relax, which is proportion
to this characteristic time, stress fluctuations cannot relax
shear thickening is induced. The fact that shear thicken
was not observed in their systems for volume fractions be
50% was rationalized by arguing that particle diffusion
reduced at higher concentrations and that the relaxatio
the fluctuations is proportional to this self-diffusivity and th
characteristic time. This argument introduced the concep
a competition between time scales that has been rece
expanded upon and quantified by Melrose a
co-workers.6,23 They postulated an additional criterion fo
shear thickening, relating the critical shear rate to the ch
acteristic relaxation time of a particle doublet. The argum
is a competition of time scales for convection due to shea
Downloaded 16 Nov 2005 to 129.6.122.161. Redistribution subject to AIP
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the time required for a doublet to decouple due to repuls
interparticle forces. In their analysis the rate at which a d
blet separates is determined by the ratio of the hydrodyna
drag to the effective spring constant of the interparticle
teraction calculated at a characteristic separation dista
This separation distance is given by a force balance sim
to that used by Boersmaet al.5 and Bender and Wagner,13

who balanced the hydrodynamic and interparticle forces.
though not predictive as presented, the resulting criter
was able to rationalize the results of their restricted Stokes
dynamics simulations.

The simulations underlying these arguments have b
preformed primarily on near or actual hard sphere system
key issue in the simulations is resolving the details of
hydrodynamic interactions for particles in close approach,6,28

such that mathematically smooth hard-spheres actu
‘‘jam’’ and cannot flow. A consequence of the extensi
simulation work is that the detailed behavior of a shear thi
ening system is known to be extremely sensitive to the
tails of the interparticle forces and hydrodynamic propert
of the particles on the level of the surface roughness~i.e.,
angstroms to nanometers!. Nearly, but not all, of the previ-
ous work has investigated polymeric or oxide dispersio
with grafted or adsorbed surfactant, leading to substan
uncertainty about these forces on this length scale. Furt
dispersion forces will be substantial for systems that are
index matched, and the role of the attractive interactions
the onset and mechanism of shear thickening has not b
established. Thus to compare better with the current leve
theoretical understanding, a model system of stable, smo
chemically homogeneous, monodisperse, and index matc
particles covering a broad range of sizes with tunable surf
properties is required. Previous work with coated Sto¨ber
silica particles2,13,27,29–31suggest this as a nearly optimal sy
tem for further investigation.

In this work, we explore the effects of particle size a
concentration on reversible shear thickening by perform
rheological measurements on a set of chemically simi
nearly monodisperse Sto¨ber silica dispersions that spa
nearly a decade in particle size. A silane coupling agen
used to neutralize nearly all of the surface charge and en
dispersing the particles in an index matching solvent. T
effects of particle polydispersity are tested with bimodal d
persions created from combinations of the former susp
sions. The measurements are used to critically test the af
mentioned scaling predictions for the onset of sh
thickening and an improved, predictive method for determ
ing the onset of shear thickening is presented.

II. METHODOLOGY

A set of chemically analogous dispersions are synt
sized via the Sto¨ber synthesis,29–31 where seeded growth i
used to vary particle size. The reaction is terminated by a
ing a stoichiometric quantity of a silane coupling age
3-~trimethoxysilyl! propyl methacrylate~TPM!, which elimi-
nates most~.99%!, but not all, of the surface silano
groups.29,32 The particles are resuspended in an ind
matched organic solvent, tetrahydrofurfuryl alcohol~reagent
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



o
io
ak
h

ty
te
is
is

a
op

te
a

he
-

n
e

l

r
e
er
te
ne
N

x-
,
r
n

tr
tio

en
y.

ra
.

ain
r a
ng

m
ze

e
ity
rin
l

-
in-

m

esis
in

l-
the
d
ure
e

he
of
val-
tion

a
as a
of

1.6
ols

4°,
20

ves-
ave
t on
tly

ve

20
ed
ent
s.
as

ili-

30

the
be

was

ry
the
nd-
m
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grade Aldrich, r51.054 g/cm3, nD
2051.4512, m55.44 cP!,

by repetitive centrifugation and suspending. The matching
the refractive indices minimizes the attractive dispers
forces, such that the resulting suspensions are we
charge-stabilized and can be considered near hard-sp
dispersions.

Full characterization of the particle size, polydispersi
density, and surface charge is required to unambiguously
models for the shear thickening transition. Particle size d
tributions ~PSD! are measured and verified using transm
sion electron microscopy~TEM!, dynamic light scattering
~DLS!, and small angle neutron scattering~SANS!. TEM
measurements consist of imaging a minimum of 200 p
ticles per suspension with a Philips 400 electron microsc
calibrated against a 0.5mm diffraction grating coated with
261 nm polystyrene beads. The particle diameter is de
mined by averaging the major and minor ellipsoidal axis,
well as calculating it from the measured area usingd
5A(4Area/p). DLS experiments consist of measuring t
characteristic decay time (G21) of the intensity autocorrela
tion function as a function of wave vector~q! at three solids
concentrations for each suspension to insure that the infi
dilution approximation is valid. The decay time yields th
diffusion coefficients asG5DOq21UO , whereUO is the
rotational diffusivity andDO is the bare particle translationa
diffusivity given by DO5(kBT/6pma) from which the par-
ticle radius,a, is determined.

For small particles~,300 nm!, SANS provides anothe
measure of the PSD. The experiments and analyses ar
scribed in detail in Ref. 32. The particle size and polydisp
sity are determined from fitting data obtained from dilu
dispersions, whereas the interaction potential is obtai
from scattering from more concentrated dispersions. SA
measurements for concentrated solutions, such thatS(q)
Þ1, can be used within the context of DLVO theory to e
tract the surface potential and Debye screening length
described previously.32,33 Index matching minimizes van de
Waals interactions, so only electrostatic interactions a
hard-core excluded volume effects are considered.

Particle densities are estimated by dilution viscome
and solution densitometry measurements. Past investiga
using Sto¨ber silica suggest a particle microporosity34–36 that
may be a function of particle size,31 which leads to a lower
apparent particle density than the SiO2 density. Others, how-
ever, report better correlations in viscometry measurem
using a nonmicroporous estimate for the particle densit37

Here, the SiO2 density is calculated from solution~THFFA!
densitometry measurements at various solids weight f
tions using a volumetric balance assuming ideal mixing38

Weight fractions are determined from measuring the rem
ing powder mass after drying the samples at 130 °C fo
least 8 h. Measurements of the weight fraction for dryi
times longer than 8 h showed no changes.

The hydrodynamic particle density is determined fro
low concentration zero shear viscometry data, where the
shear viscosity can be approximated as a Taylor series
pansion in volume fraction. The apparent particle dens
rparticle, is then extracted by comparing the measured int
sic viscosity@h# with the dilute limiting value for spherica
Downloaded 16 Nov 2005 to 129.6.122.161. Redistribution subject to AIP
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particles~2.5! derived by Einstein. Dilution viscometry ex
periments also provide an indication of the interparticle
teractions through the Huggins coefficient,kH . Deviations
in the Huggins coefficient from a hard sphere value ofkH

'1 ~Refs. 39, 40! can be attributed to residual charges fro
unreacted silanol groups on the surface of the particle.29,31

Estimates of the charge can be made from electrophor
experiments, but previously have been limited to solutions
polar solvents.29,31 Similar measurements in organic so
vents, such as THFFA, have been difficult because of
low silanol dissociation.29 Here, we exploit the increase
sensitivity of a heterodyne Zeta PALS instrument to meas
the particle mobilities directly in the THFFA solvent. Th
mobilities, n, are then converted to zeta potentials,z, using
the Hückel equation, which serve as approximations for t
surface potential,cs . Measurements spanning a range
concentrations and voltages verify that the zeta potential
ues are independent of the applied voltage and concentra
within the range of the investigation.

The rheological measurements are conducted on
Bohlin CS controlled stress rheometer. The rheometer h
torque range of 0.001–10 mNm with a torque resolution
0.0002 mNm and an angular deflection resolution of
mrad. The data reported here is produced with several to
and geometries including: 40 mm-4°, 40 mm-1°, 20 mm-
and 20 mm-1° cone and plates. Additional tests with a
mm parallel plate and a Couette cell~DIN 25 mm! verified
that the results are independent of geometry. Previous in
tigations on the rheology of concentrated dispersions h
shown that the shear history can have a profound impac
the experiments. Therefore, the following protocol is stric
adhered to for all measurements:

~1! A 3 min stress ramp from 0.1 Pa to 4700 Pa to remo
shear history effects;

~2! A 2 min creep experiment at a shear rate of 1 s21 fol-
lowed by 30 s recovery;

~3! A stress sweep from 0.5 Pa to 4700 Pa obtaining
logarithmically spaced points. The sample was allow
to equilibrate for 10 s before each stress measurem
followed by averaging the viscosity response for 20
Note: The maximum stress for dilute suspensions w
dictated by centrifugal forces.

~4! A stress sweep from 0.06 Pa to 10 Pa with 1 min equ
bration and 2 min averaging.

~5! A stress sweep near the critical shear stress collecting
points with 10 s equilibration and 20 s averaging.

~6! A frequency sweep from 0.1 to 100 Hz at 1% strain.
~7! A 2 min creep experiment at a shear rate of 1 s21 fol-

lowed by 30 s recovery.

Data sets that exhibited substantial differences between
first and last creep experiments, which were thought to
due to drying effects, were rejected and a new sample
tested.

The transition to the shear thickening regime for ve
small particle sizes can occur at high shear rates, where
onset of secondary flows is a concern. We model the seco
ary flow effects for each tooling using rheological data fro
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10517J. Chem. Phys., Vol. 114, No. 23, 15 June 2001 Reversible shear thickening
Newtonian silicone oils fit to the following scalin
relationship:41

t5t0~11l Re2!. ~1!

Here,t is the apparent shear stress,tO is the stress withou
secondary flows, Re is the Reynolds numb
(5rVb2R2/h0), and l is a tool specific parameter that
evaluated separately for each cone~l520:20 mm-1°, 400:
40 mm-1°, 0.25: 20 mm-4°, 3: 40 mm-4°!. The model is
subsequently used to subtract viscosity increases attribute
energy dissipated in secondary flows as predicted by Eq.~1!.

Past investigations have reported critical stress va
marking shear thickening that vary with rheometer g
thickness.24 We verify that the critical stress values report
here are independent of gap thickness through measurem
of individual sample loadings using 20 mm parallel pla
where the gap size is varied from 1000mm to 20mm. This
experimental data was also used to determine the slip ve
ties at various applied stress levels.42 Further, the rheology
was verified to be independent of the measurement techn
by successful comparison of measurements for both
HS1000 and HS600 dispersions at several concentrations
tained on a RMS 800 rate controlled rheometer with th
obtained on the Bohlin CS rheometer.

We exploit the sensitivity of the zero shear viscosity
interparticle interactions to the weak electrostatic inter
tions arising from residual surface charges. At high conc
trations where the samples show evidence of an appa
yield stress, ‘‘zero shear’’ viscosities are extracted from o
measurements by the method proposed by Russel
Grant.43 The measurements at low stress are plotted acc
ing to44

t5Kġ0.51tyield ~2!

and extrapolated to zero shear rate to determine the app
yield stresstyield . Congruence from measurements on m
tiple instruments and tooling demonstrates we are measu
yielding and not slip. The zero shear viscosity is obtained
subtracting this yield stress from the measured stress
averaging the resultant low shear viscosities.

For dilute dispersions the zero shear viscosities are
termined directly from Ubbelhode viscometry measu
ments. These data sets are combined to yield the depend
of the zero shear viscosity on volume fraction. This inform
tion can be used to gauge the influence of the residual, w
electrostatic interactions on the rheology through consid
ation of the effective hard-sphere particle volume that yie
the equivalent viscosity as the measured suspension33,45

Electrostatic repulsions lead to an effective hard-sphere
dius greater than the actual core and thus, decrease the m
mum packing fraction of the dispersion. An empirical re
tion can be used to model this increase:

feffective5fS 11
a

kaD 3

. ~3!

The parametera is obtained from matching the maximum
packing fraction to that for hard spheres, which is taken to
0.58.46 The maximum packing fraction is obtained by fittin
Downloaded 16 Nov 2005 to 129.6.122.161. Redistribution subject to AIP
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the zero shear viscosity data to the Krieger–Doughe
relationship47 @Eq. ~4!# using fmax as an adjustable fitting
parameter,

h/m5S 12
f

fmax
D 2.5fmax

. ~4!

III. THEORY: SCALING FOR THE ONSET
OF SHEAR THICKENING

The ‘‘critical’’ shear stress, viscosity, and shear rate
the shear thickening point are determined by fitting t
double logarithmic plots of viscosity vs shear stress~both
ascending and descending data! for each suspension to a qua
dratic curve. The ‘‘critical stress’’tc is defined to be the
stress at the minimum, and the ‘‘critical shear rate’’ġc cal-
culated from the ‘‘critical shear viscosity’’hc andtc . These
parameters are taken to mark the onset of shear thicken
although the initial formation of hydroclusters in the she
ing dispersion may precede this upturn in shear viscosit13

These parameters are used to test the following scaling a
ments for the onset of shear thickening.

The scalings derived from force balances assume a c
acteristic separation between particles. Two particles
placed in the plane of shear oriented along the compres
axis and the forces driving particles together are balan
against the repulsive forces due to interparticle~i.e., electro-
static or steric! potentials and Brownian motion. The scalin
for hard spheres proposed by Bender and Wagner13 defines a
dimensionless critical shear stress by taking the ratio of
lubrication hydrodynamic force, with a mean-field correcti
for the suspension viscosity, to the Brownian force@Eq. ~5!#,

tcr
Br5

Fhydrodynamic~tc!

FBrownian
5

3pma3ġc/2h

2kBT
] ln g~r !

]r U
r 52a1h

S hc

m D

5
3pta3/2h

2kBT
] ln g~r !

]r U
r 52a1h

. ~5!

Here,m is the solvent viscosity,kB is Boltzmann’s constant
T is absolute temperature,g(r ) is the equilibrium pair distri-
bution function, which is a function of center to center sep
ration distance~r!, andtc , ġc , andhc are the shear stress
shear rate, and viscosity, respectively, at the shear thicke
point. Some details of this derivation and the basis for
mean-field correction are given in the Appendix.

In the above expression the forces are evaluated at
characteristic separation distance of the particle surfaceh
5r 22a given by the following expression:5,13

h/a52F S 0.71

f D 1/3

21G . ~6!

This scaling for the average separation is derived by disp
sions with liquidlike structure, which can flow with a max
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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mum packing fraction of 0.71, as reported by de Kr
et al.35 Other choices are appropriate for ordered dispers5

tcr
Br is expected to be of order one at the onset of reve

ible shear thickening. This scaling is derived by exploiti
the fact that shear thickening is driven by the onset of
drocluster formation, which itself is a consequence of
dominance of shear driven lubrication forces over all ot
colloidal forces ~assumed by Bender and Wagner to
Brownian motion!. Notice that for hard sphere dispersion
this approach predicts the critical stress for shear thicken
tc

Br , should scale inversely with particle size cubed.
This approach can be readily extended to charge st

lized dispersions by appropriate inclusion of the electrost
repulsive force in the balance. Boersmaet al.5 considered
non-Brownian, micron-sized dispersions dominated
strong electrostatic stabilization. As per Boersmaet al., we
take as a characteristic value of the electrostatic force
obtained from the linearized Derjaguin approximation of t
solution of the Poisson–Boltzmann equation48 for the con-
stant potential, evaluated at the particle surface. Taking
ratio of the hydrodynamic force between two isolat
spheres to the electrostatic force at contact yields a dim
sionless critical shear rate in the form of a Peclet numbe

Pecr
elec5

Fhydrodynamic~ ġc!

Felectrostatic~h→0!
5

3pma3ġc/2h

2pe0e rcs
2ka/2

. ~7!

Note that Boersmaet al. proposed a similar scaling, whic
differs only in the numerical prefactor, from considerin
Hoffman’s proposed order–disorder mechanism.

The mean-field correction can be applied to this scal
to yield a critical stress prediction as

tcr
elec5

3ptca
3/2h

2pe0e rcs
2ka/2

. ~8!

Although the size dependence is not as obvious as that
tained for hard-spheres, analysis of the expression for
sonable values of the surface charge and solution io
strengths typical of concentrated, highly charged, stable
persions suggests the critical stress~or shear rate! scales
roughly inversely with particle size.5

Explicit consideration of the dynamics of hydroclust
formation by Melrose and Ball23 leads to the specification o
a characteristic relaxation time for a particle pair to ‘‘d
couple.’’ Hydroclusters are expected to grow only when t
relaxation time is greater than the characteristic time for c
vection, which scales inversely with the applied shear rate
this manner, the hydrocluster cannot be driven apart by
interparticle forces before being ‘‘recompressed’’ by the a
plied flow.

The lifetime of a doublet, which is a taken as charact
istic of the hydrocluster, is given by the ratio of the interpa
ticle hydrodynamic resistance coefficient,a(hm), to the ‘‘ef-
fective spring constant’’ between particles,K(hm)
5dF(h)/dhuh5hm

, evaluated at a characteristic partic
separation,hm . The interparticle resistance coefficient
given by

a~hm!5
3pma2

2hm
. ~9!
Downloaded 16 Nov 2005 to 129.6.122.161. Redistribution subject to AIP
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The effective spring constant for electrostatically stabiliz
particles is given by the derivative of the nonlinear elect
static force acting between charged colloids48 ~with constant
surface potential!,

K~hm!5
d

dh
Felectrostatic~h!uh5hm

52pe0e rcs
2k2aS e2khm

~11e2khm!2D . ~10!

In the above,e0 is the permittivity of the vacuum ande r is
the permittivity of the solvent. Thus, the scaling proposed
Melrose and Ball23 predicts shear thickening will occur whe
ġ@a(hm)/K(hm)#.1. From this, a dimensionless critica
shear rate is derived as a Peclet number,

Pecr
M5

3pmġca
2/2hm

2pe0e rcs
2k2a

e2khm

~11e2khm!2

. ~11!

The above equations are to be evaluated at the cha
teristic interparticle separation distance at the point of sh
thickening. Unlike the previous approaches where this d
tance is specified geometrically, the characteristic separa
distance,hm , is set by the balance between the shear for
and the repulsive electrostatic forces. The shearing fo
driving the particle pair together is taken to scale as the
plied stress times the cross sectional area, which is estim
by the particle diameter squared, while the same nonlin
electrostatic repulsion is assumed to be the dominate re
sive force. This leads to the following expression that is to
solved for hm by taking the applied stress at the point
shear thickening~the critical stress! as

tc4a252pe0e rcs
2 kae2khm

11e2khm
. ~12!

Melrose was able to verify the validity of the above a
proach by rationalizing the results of his restricted Stokes
Dynamics simulations. These simulations, however,
glected many-body hydrodynamic interactions. The dom
nant effect of these interactions would be to further retard
rate at which a particle pair in close proximity relaxes~i.e., to
stablize the hydrocluster structure!. Using the concepts o
hydrodynamic preaveraging,45,49–51 this effect can be ac-
counted for to first order by replacing the solvent viscosity
the expression fora(h) with the suspension’s hydrodynam
viscosity. Further, commensurate with the approximations
Bender and Wagner, the product of hydrodynamic viscos
and shear rate can be taken to be the actual applied st
With this mean-field hydrodynamic correction, Eq.~11!
takes the form of a reduced critical stress for shear thick
ing:

tcr
M5

3ptca
2/2hm

2pe0e rcs
2k2a

e2khm

~11e2khm!2

. ~13!

Note that this correction is already inherent in the deter
nation of the mean particle separation@hm , Eq.~12!# through
the direct use of the critical stresstc in the force balance.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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The size scaling in the above balances is nontrivial as
surface potential and suspension ionic strength may dep
on particle size. However, as will be shown, for the conc
trated suspensions considered here, these balances yield
cal shear rates and stresses that scale approximately inve
with particle size squared.

Finally, we note that the analysis presented by Melro
and Ball was not predictive as the measured critical str
was required to calculate the characteristic separation
tance. However, with the mean-field correction, the equa
for the critical stress@Eq. ~13!# can be used with the forc
balance@Eq. ~12!# to determine both the critical stress an
separation distance simultaneously for a well character
dispersion. This enables the method to be predictive, as
lows.

Settingtcr
M51 in Eq. ~13! and substitutingtc from Eq.

~12! leads to a relation for the characteristic separation
tance hm in the incipient hydrocluster state, which is o
served to only depend directly uponk21, the Debye length.
However, for samples without significant added electroly
the counterion concentration and hence, the Debye len
will depend on the surface charge density, particle size,

FIG. 1. Particle size distribution histogram for the HS75 dispersion obta
from TEM measurements. The inset shows a photograph obtained
TEM measurements at a magnification of 60 000.
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particle concentration. The solution of this equation iskhm

51.453, which when substituted into Eq.~12! yields

tc50.024
kBT~ka!Cs

2

a2l b
, ~14!

where l b is the Bjerrum length defined by l b

[e2/(4pee0kBT), and Cs5cse/kBT is the dimensionless
surface potential. For a series of suspensions wh
(ka)Cs

2'constant, the critical stress would scale invers
with the particle surface area'a22. However, the model
suggests that a more complex size and concentration sc
may be observed due to the size dependence ofk andCs .

IV. RESULTS

The particles are observed to be nearly monodispe
spherical and well dispersed in THFFA. The inset in Fig
shows a TEM image of the HS75 dispersion, with the a
companying particle size distribution~PSD! histogram. The
number average diameter obtained from the TEM analys
75.067.3 nm corresponding to a polydispersity of 9.7%. T
results of the sizing analysis as well as the other charac
ization measurements are summarized in Table I. Tab
shows that the particle diameters determined from DLS m
surements typically range from 5% to 25% larger than
particle diameters determined from TEM measureme
This is a consequence of the intensity squared weighted
tribution obtained from DLS measurements, as compare
the number weighted particle diameter obtained from TE
experiments. For the smaller particles within the range
sizes accessible by SANS, the measured diameters obta
from fitting the form factors measured in dilute dispersio
are close to the TEM measured diameters, as are the pa
polydispersities. The ratio of the major to minor ellipsoid
axes (a/b) obtained from TEM experiments indicate the pa
ticles are spherical, which is further supported by the ne
gibly small rotational diffusion coefficients determined fro
DLS experiments.

The zeta potentials measured by electrophoresis m
surements range from242 mV to 290 mV, which in terms
of a dimensionless potential (ze/kBT) range from21.5 to
23.3. As reported in Ref. 32, SANS spectra from conce
trated dispersions of HS75 can be successfully fit with

d
m

TABLE I. Particle characterization summary.

HS75 HS150 HS300 HS600 HS1000

sTEM ~nm! 7567.3 167.3614.8 302.0626.2 608.6680.8 656.4664.3
sDLS ~nm! 88.860.8 177.864.1 330.7619.5 633.16114.4 845.56184.8
sSANS ~nm! 71.067.0 162.0614.3 318.0616.7
a/b 1.0760.06 1.0460.03 1.0360.02 1.0460.1 1.0360.04
U0 ~s21! 2100.561.0 22.9467.6 2.92614.1 60.465.9 8.2668.6
z ~mV! 242.664.7 272.165.3 242.367.5 292.7613.1 268.266.5
ka(f50.5) 13.261.3 28.562.5 41.763.62 87.1611.6 89.968.8
fmax 0.38 0.38 0.46 0.52 0.51
a 1.8 3.9 3.3 3.2 3.9
kH 3.7861.24 2.2861.24 0.616.93 1.1862.46 3.661.24
rSiO2

~g/cm3! 1.7060.01 1.9060.01 1.8260.01 1.8560.01 1.7660.04
rparticle ~g/cm3! 1.4560.02 2.1660.02 1.8260.08 1.8760.13 1.7760.10
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10520 J. Chem. Phys., Vol. 114, No. 23, 15 June 2001 B. J. Maranzano and N. J. Wagner
Yukawa potential using the measured zeta potential as
surface potential. A hard-sphere potential fails to adequa
describe the structure factor of the dispersion. The SANS
the Zeta PALS measurements quantify that in excess of 9
of the surface silanol groups were reacted with the sil
coupling agent TPM upon coating.32 Further quantitative
verification of the particle homogeneity, size, polydispers
and surface potential was achieved by applying the G
approach of Glatter.32,52

Brownian and dispersion forces comprise the remain
thermodynamic forces in these dispersions. The in
matching of the particles to the solvent minimizes the v
der Waals interactions compared to the Brownian and e
trostatic interactions. Further evidence that the particles
not simply hard spheres is indicated by the deviation in
Huggins coefficients from the hard sphere value
kH'1.39,40 The Huggins coefficients for these dispersio
average slightly over 2, due to weak, short-range electros
interactions from unreacted silanol groups.

SANS measurements were also performed in the N
Couette shear cell and will be reported in detail elsewher53

Extensive investigations of both radial~on! and tangential
~off! axis scattering demonstrated unequivocally,20 in agree-
ment with our previous measurements13 on these systems a
well as those of others on similar systems,10 that the samples
do not order and that no order–disorder transition accom
nies shear thickening.

Table I also compares the density of SiO2 determined
from gravimetric density measurements to the hydrodyna
particle density determined from dilution viscometry expe
ments. A hydrodynamic particle density substantially le
than the density of amorphous SiO2 suggests particle poros
ity, which has been reported by some authors34–36 who ob-
tain particle densities of approximately 1.65 g/cm3. Here, the
particle densities from solution densitometry (1.
60.08 g/cm3) are comparable to results reported by Ru
and Zukoski37 (1.860.05 g/cm3), who found better rheologi-
cal correlations using the gravimetric density. NMR spe
troscopy provides evidence that the silica is not a fully co
densed SiO2 network, thus supporting microporosity,29–31,54

but suggests that these micropores are inaccessible for
vent penetration.31 Thus, the hydrodynamic and gravimetr
densities should be similar, but lower than amorphous b
silica ~2.2 g/cm3!. Throughout our work we use a gravimetr
density for converting weight fractions into volume fractio

The shear rheology of all our dispersions exhibit
highly reversible~i.e., little or no hysteresis!, shear thinning
flow curves with reversible shear thickening at higher sh
rates and particle loadings. The reversibility of the transit
and the time response is evident in Fig. 2, which compa
data for stress and rate jumps into the shear thickening
gime taken on controlled stress and controlled rate rhe
eters, respectively.

The shear thickening is reversible, and the response
is observed to be faster than our data acquisition time~ms!.
Further, under controlled stress conditions, the sample ca
studied at a steady, shear thickened state. Under contr
rate conditions, the behavior in the shear thickening s
becomes erratic and if sheared long enough, the samp
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observed to fracture and fail. This observation provides e
dence for the ‘‘jamming’’ observed in the simulations
Melrose and co-workers.6

Figure 3 shows a representative example of visco
curves at various volume fractions obtained on a contro
stress rheometer. The viscosity of the solvent THFFA
20 °C is 5.44 cP for reference. In the shear thickening reg
each flow curve consists of an up and down sweep in st
with minimal hysteresis. At low and intermediate partic
concentrations (f<0.49) the viscosity increases smooth
into the shear thickening region. However, at higher sol
loadings, the viscosity curve at the shear thickening tran
tion becomes discontinuous. In all cases the shear thicke
transition is reversible with little or no observable hyster
and no particle aggregation.

FIG. 2. ~d! Stress jump measurement fromġ51 s21 ~below critical shear
thickening stress! to ġ53 s21 ~above critical shear thickening stress! then
returning toġ51 s21 on the HS1000 dispersion atf50.53 with a Bohlin
CS rheometer.~h, filled! Rate jump performed on the same dispersion fro
ġ51 s21 to ġ53 s21 and back performed on an RMS-800 controlled ra
rheometer.

FIG. 3. Steady state viscosity curves measured with cone and plate g
etry on a Bohlin CS controlled stress rheometer for the HS600 dispersio
various volume fractions as indicated. The curves forf>0.49 are com-
prised of both ascending and descending stresses to illustrate the la
hysteresis.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10521J. Chem. Phys., Vol. 114, No. 23, 15 June 2001 Reversible shear thickening
Previous studies suggest that there may be a lowest
ume fraction below which shear thickening does n
occur,16,24whereas theory55 and simulation9,21,56demonstrate
that shear thickening occurs even for dilute suspensions
that the viscosity increases only logarithmically with the a
plied shear rate. Note that in Fig. 3 the lowest concentrati
(f,0.41) appear to weakly shear thicken, but an analysi
the secondary flows indicates that the small increase in
cosity may be an artifact. The corresponding viscosity cur
corrected for secondary flows according to Eq.~1! are replot-
ted in Fig. 4. In performing this correction, the viscosity
the minimum in the flow curve is used to calculate the R
nolds’s number and the value ofl is taken to be that ob
tained on a comparable Newtonian oil. The corrected visc
ity data at high solids concentrations show no signific
change from the uncorrected data. Contrarily, the correc
of viscosity data at low concentrations (f<0.41) and large
shear stresses indicates that secondary flows, which ca
an erroneously higher viscosity, impedes accurate ass
ment of the critical shear stress for dilute dispersions w
weak shear thickening. For these dispersions, rheo-op
techniques may supply a better method for extracting
critical point for shear thickening.1,2 Thus, reducing the vol-
ume fraction results in a transition from discontinuous sh
thickening to a less extreme shear thickening, but instrum
limitations prevent definitive determination of a critical vo
ume fraction below which shear thickening occurs. Simi
results were obtained for all of the dispersions of other p
ticle sizes.

Another difficulty in defining a critical shear stress f
shear thickening has been reported in investigations wh
the critical stress varies with rheometer gap thickness.24 Fig-
ure 5 shows a set of viscosity curves for the HS300 disp
sion atf50.5 and various gap sizes, all of which are s
nificantly larger than the particle size. The data are typica
extreme shear thickening samples, where increases in s
stress in the shear thickening regime result in increase
viscosity, but not in shear rate. Although the low shear r
ology remains essentially independent of gap size, the
cosity in the shear thickening regime systematically

FIG. 4. Viscosity curves shown in Fig. 3 corrected for secondary flo
according to Eq.~1!.
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creases with decreasing gap size. Notice, however, that
shear stress at the onset of shear thickening remains n
constant (tc'10 Pa) over the range of gap sizes shown. E
periments conducted on a lesser concentrated sample o
HS300 dispersion (f50.45) show no dependence of th
critical stress on the gap sizes for gaps as low as 20mm.
Further decreases in the gap size below 20mm lead to the
occurrence of a yield stress in the dispersion. The yield st
may be due to a percolated microstructure that comple
spans the rheometer tooling at the smaller gap sizes, sim
to that observed in other systems.24

Standard analysis of the slip velocity and slip length,57,58

that account for non-Newtonian fluid effects, are perform
on the data presented in Fig. 5. Plots of the apparent m
sured shear rate at constant plate edge stress vs the inve
the gap yield measures of the slip velocity and the true sh
rate. Calibration of the method and instrument with a 5 Pa s
silione oil yielded a slip length of 58.960.9mm, in good
agreement with expectation based on a molecular
layer.58

For the colloidal fluids tested here in the shearthinning
regime the slip length and slip velocity can not be resolv
within experimental measurement uncertainty. This is c
sistent with the slip length being on the order of the colloid
size. Contrarily, during shear thickening substantial slip
observed such that the analysis yields true shear rates tha
only a few percent of the apparent shear rate. The resu
slip lengths are, to within uncertainty, the size of the ga
Thus, we conclude that for the discontinuous shear thick
ing samples, in the shear thickening regime the sample
lidifies and does not flow. This observation is consistent w
the solidification observed when attempting to pipette th
liquids. This observation also confirms the detailed simu
tions and theoretical models of Melrose and co-workers,6,23

who determined that true, hard-sphere dispersions
‘‘jam’’ when shear thickened and cease to flow. The analy
of gap effects on shear thickening rheology further emp
sizes that shear thickening is controlled by the applied sh
stressand not shear rate, as the sample ceases to flow u

sFIG. 5. Viscosity curves measured with a 20 mm parallel plate geometry
a Bohlin CS50 controlled stress rheometer for the HS300 dispersionsf
50.50 with various rheometer gap sizes.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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10522 J. Chem. Phys., Vol. 114, No. 23, 15 June 2001 B. J. Maranzano and N. J. Wagner
strong shear thickening, and yet, can be readily made to
by reducing the applied stress.

Figure 6 illustrates the effects of particle size on t
dispersion rheology at fixed volume fraction. The flo
curves systematically shift to lower shear stresses with
creasing particle size, which can partially be accounted
by scaling the shear stress by the Brownian stressta3/kBT.
However, this scaling fails to account for the variations
the minimums of the viscosity curves. Instead, these va
tions appear to be influenced by the magnitude of the e
trostatic charge. Observe, that the minimum of the visco
tends to decrease with increasing electrostatic charge as
be seen by comparing Fig. 6 with the zeta potentials ta
lated in Table I.

Figure 7 provides another illustration of the effects
the electrostatics on the rheology by plotting the appar
zero shear viscosity as a function of the ratio of the volu
fraction to the maximum packing volume fraction. The a

FIG. 6. Viscosity curves, corrected for secondary flows, for dispersions
various particle sizes atf50.50.

FIG. 7. Zero shear viscosity data as a function of reduced volume frac
(f/fmax) for the dispersions employed in this investigation. The line is
Krieger–Dougherty equation for reference. The values offmax are listed in
Table I.
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parent zero shear viscosity data for all the dispersions ca
fit to a Krieger–Dougherty form@Eq. ~4!#. The maximum
packing volume fractions extracted from this data reduct
are listed in Table I. The trend in the maximum packi
volume fraction for the dispersions follows the same trend
1/ka for the dispersions. Note, thatka is only weakly de-
pendent on volume fraction due to the background io
strength. The dimensionless ratio of the Debye screen
length to the particle radius, 1/ka, signifies the fractional
increase in the effective radius of the particle due to the
double-layer surrounding the charged particle, as per Eq.~3!.
Values of the parametera are also given in Table I, and ar
comparable to those determined for other, concentra
charge stabilized dispersions.33 These values ofa correspond
to the approximate separation distance at which the pote
is 1 kBT. Thus, the zero shear viscosity results further co
firm the important influence of the relatively weak, sho
range electrostatic interactions at high particle concen
tions.

Each dispersion was examined in similar rheological
tail and the onset of shear thickening identified from
double logarithmic plot of the data corrected for the effe
of secondary flow. Figure 8 summarizes the critical sh
stresses for shear thickening as a function of volume frac
for the monodisperse suspensions. The critical shear s
increase systematically with decreasing particle size. Ho
ever, the critical shear stress is relatively insensitive to v
ume fraction whereas the critical shear rate is observed
decrease strongly with increasing volume fraction.

As noted previously,13 shear thickening in these dispe
sions is governed by the applied stress. Previous aut
have tried to correlate the dependence of the critical rate
shear thickening on particle size with limited success.5,16

Here, we simply plot the measured critical stress vs the p
ticle size for our homologous series of chemically simi
particles. As shown in Fig. 9, a power law regression yie
a dependence ofa22.1160.16. Although there is substantia
scatter in this plot, a power law plot of the critical shearrate
with size, such as has been proposed5,16,20is not viable due to
the strong volume fraction, as well as size, dependence

h

n

FIG. 8. Critical shear stress for shear thickening as a function of volu
fraction for the various dispersions employed in the investigation.
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will be shown shortly, explicit consideration of the role
the interparticle potential on the onset of shear thickenin
necessary to understand the behavior evident in these p

Figure 10 displays representative flow curves for a se
of bimodal mixtures, as achieved by bimodal mixing of t
afore mentioned dispersions, at fixed total volume fract
(f50.53). At low shear rates, the effects of mixing reduc
the viscosity, which can be understood qualitatively in ter
of an increase in the maximum packing fraction and
Krieger–Dougherty equation.59 At higher shear rates, th
mixtures are observed to shear thicken at critical stresses
lie between those defined by the pure component dispers
A similar result was reported by D’Haene and Mewis,60 and
Bender and Wagner.13 As also noted therein, mixing of par
ticle sizes can lead to a less severe shear thickening tra
tion. Note also that such mixtures would preclude the pa

FIG. 9. Critical shear stress plotted against particle radius for all the dis
sions at all concentrations. The line is a power law regression with slop
22.1160.16.

FIG. 10. Steady state viscosity curves for the bimodal suspensions of H
and HS1000 at various mixing ratios as indicated and constant volume
tion ~0.53!. Each curve is comprised of both ascending and descen
stress.
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ing required for the order–disorder transition required by
analyses of Hoffman19 and Boersmaet al.5

Figure 11 illustrates the dependence of the critical sh
stress on polydispersity by plotting the critical stress a
function of volume fraction for various bimodal dispersion
For reference the critical stress values for the monodisp
HS300 and HS1000 dispersions are include in Fig. 11. T
critical stresses measured for the bimodal suspensions o
HS300 and HS1000 lie between the values for the mono
perse suspensions. The increase in polydispersity obta
with the bimodal suspensions decreases the suspension
cosity and the severity of the shear thickening and hence,
effects of shear thickening become unobservable at volu
fractions higher than either of the monodisperse compone
For example, shear thickening in the 1:1-HS300:HS1000
modal dispersions becomes immeasurable at volume f
tions below 0.44, whereas shear thickening for the p
HS300 dispersion is apparent to volume fractions to 0.
This is consistent with the increase in maximum pack
fraction upon mixing.

For comparison and completeness, the scaling propo
by Bender and Wagner,13 where the hydrodynamic an
Brownian forces are proposed to be in balance, is applie
the data. The results of this scaling are shown in Fig.
Two important results are evident from this analysis. Fir
the magnitude of the reduced critical stress is of order 1
not of order one as would be expected if the forces w
actually in balance. Second, the reduced critical stress is
observed to collapse to a common value across all data
showing that the 1/a3 Brownian scaling alone does not su
fice. Closer examination of the plot, however, shows t
some of the data sets do appear to reduce to a common v
of approximately 300. The greatest deviations are seen
the samples with either high surface potentials or low val
of ka. This is evidence that the electrostatic interactio
must be accounted for in the force balance. Note that in
previous work13 similar particles of a more restricted siz
and volume fraction range were examined. This scaling w
sufficient to collapse this smaller data set, but with valu
still of order 10 for the dimensionless critical stress. T

r-
of

00
c-
g

FIG. 11. Critical shear stress for shear thickening as a function of volu
fraction for various bimodal suspensions.
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more extensive data set presented here shows that this
ing is not sufficient to correlate the onset of shear thicken
for these near hard-sphere dispersions.

Comparison to the proposed scaling of~Ref. 5!, which
considers the electrostatic interactions to dominate, yie
dimensionless critical shear rate. This scaling is found no
reduce the measured data for the critical shear rate, but ra
exhibits a strong, systematic decrease in the critical Pe
number with increasing volume fraction and particle si
Further, the values are all orders of magnitude below t
expected~of order one!. As all of the parameters required i
the analysis are accurately and independently measured
verified, these systematic deviations indicate that the p
posed scaling for the critical shear rate does not contain
correct model for the onset of shear thickening. This a
demonstrates that on a well defined, chemically similar se
particles of varying size, Barnes’16 proposed 1/a2 scaling for
the critical shear rate is not observed.

The volume fraction dependence evident in the criti
shear rate can be largely accounted for by the mean-
correction.13 Adopting the viewpoint that shear thickening
a consequence of hydrocluster formation results in the
mensionless critical stress given by Eq.~8!. The data is plot-
ted according to this reduction in Fig. 13. This reduction
the critical stress for shear thickening is now closer to
expected order and nearly independent of volume fract
but as noted above, fails to account for the strong effect
particle size.

As the force balance approach is not sufficient to e
mate the onset of shear thickening, we consider the argum
of Chow and Zukoski15 and Melrose and Ball,23 which sets a
criterion on the dynamics of the hydrocluster formation a
relaxation under flow. A similar balance between the hyd
dynamic and electrostatic forces is used to set the chara
istic separation distance@Eq. ~12!#. Calculations of the ratio
of convection to relaxation time@Eq. ~11!# yields a dimen-
sionless critical shear rate. The results of this analysis
shown in Fig. 14.

FIG. 12. Dimensionless critical shear stress as a function of volume frac
for the various dispersions employed in this investigation. The scalin
based on the balance of hydrodynamic and Brownian forces at the cr
shear stress for shear thickening.
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The separation distance,hm /a is plotted in the inset and
compared to Eq.~6!. The force balance of Melrose and Ba
results in a closer approach that is less dependent on pa
concentration, which is more physical than the simple g
metric argument@Eq. ~6!#.

Although, this scaling collapses the data from differe
particle sizes reasonably well, a strong volume fraction
pendence is still evident. Within the framework of this a
proach, a suspension should not shear thicken until the
mensionless shear rate is greater than one, i.e., Pecr

M>1,
which clearly is not satisfied. This deviation, which is n
seen in the simulations can be traced to the retarding eff
of many-body hydrodynamics on the relative particle m
tion, and hence, the slowing down of the hydrocluster rel
ation ~which are neglected in the simulations!. Applying the

n
is
al

FIG. 13. Dimensionless critical shear stress as a function of volume frac
for the various dispersions employed in this investigation. The scalin
based on the proposal by Boersmaet al.of a hydrodynamic and electrostati
force balance at the critical shear rate and supplemented with mean
correction proposed by Bender and Wagner.

FIG. 14. Dimensionless critical shear rate as a function of volume frac
for the various dispersions employed in this investigation. The scalin
based on the proposal by Melrose and Ball. The inset plot shows the va
of the calculated surface-to-surface separation as compared to the geom
ansatz.
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mean field correction for the many-body hydrodynamic
teractions results in the reduction to thecritical stress for
shear thickening, given in shown in Fig. 15.

Clearly, this scaling analysis nearly collapses the dat
a volume fraction independent constant of order one. Th
is a weak, systematic residual dependence on particle
which accounts for part of the observed scatter. Although
nonlinearity of the equations does not enable extractin
simple powerlaw size dependence, comparison with Fig
indicates that the critical stress must scale approxima
with inverse particle size squared to successfully reduce
data.

This scaling analysis provides the only acceptable red
tion of the experimental data. A critical test of this scaling
achieved by applying it to the measurements on two differ
sets of bimodal dispersion rheology. In this analysis the
erage particle radius, surface potential, and Debye length
simply calculated as number averages from the mono
perse disperse suspensions. Figure 16 shows the resu
extending this new analysis to the bimodal suspensio
Again the scaling analysis performs well in reducing t
data, and yields a dimensionless critical shear stress of o
one. Thus, the scaling procedure provides an accurate pr
dure for predicting the critical shear stress for polydispe
suspensions in addition to monodisperse suspensions.

Finally, we note that the modified analysis proposed h
provides a method to actually calculate the onset of sh
thickening, not just a method to correlate existing da
Equations~12! and ~13! are a closed set that can be solv
simultaneously for the mean separation distance and cri
shear stress at the point of shear thickening~wheretcr

M'1!.
Note that, in agreement with theory, this analysis does
predict a lower critical volume fraction for hydrocluster fo
mation and shear thickening~although the extent or severit
of the shear thickening is not specified!.

FIG. 15. Dimensionless critical shear stress as a function of volume frac
for the various dispersions employed in this investigation. The scalin
based on the proposal by Melrose and Ball corrected for many-body hy
dynamic interactions.
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V. CONCLUSIONS

Measurements of reversible shear thickening ove
broad range of model, near hard-sphere Sto¨ber silica disper-
sions of varying particle size, but of the same chemistry,
well as bimodal mixtures of these particles, provide eviden
for the hydrocluster mechanism of shear thickening. Char
terization of the interparticle interactions indicates that d
spite coating with a silanol coupling agent, residual, un
acted surface silanol groups lead to short range electros
interactions that are shown to strongly influence the rheol
of highly concentrated dispersions in a polar, index match
organic solvent. Analysis of the gap dependence in the sh
thickened state indicates that severe shear thickening re
in ‘‘jamming’’ such that the sample solidifies and slips,
agreement with simulations that account accurately for lu
cation hydrodynamics. There is no evidence for a lower v
ume fraction for shear thickening; however the severity
the shear thickening is greatly suppressed as the volume
tion is reduced and secondary flows prevent accurate m
surement of the weak thickening observed in Stokesian
namics simulations of dilute, hard sphere dispersions.

The data for the onset of shear thickening and the an
ses of that data within the framework of various models
the phenomena establish that shear thickening is stress
trolled and that electrostatic repulsion plays a dominant r
in determining the onset of shear thickening in these disp
sions. Previous proposals for reducing the data based so
on force balances fail to reduce this data set. Accounting
the dynamics of the hydroclustered state leads to an
proved and robust method for scaling the experimental d
As shown, proper accounting for the many-body hydrod
namic interactions is essential to reduce data across a b
range of particle concentrations, which can be accomplis
to first order by a mean-field correction. Introducing this co
rection for suspension concentration into the dynamic sca
proposed by Melrose and Ball provides a robust reduction
the experimental data for both monodisperse and poly
perse~bimodal! dispersions. Further, these equations can

n
is
o-

FIG. 16. Dimensionless critical shear stress as a function of volume frac
for various bimodal dispersions employed in this investigation. The sca
is based on the dynamic balance proposed by Melrose and Ball~Ref. 23!
with the mean-field many-body hydrodynamic correction.
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used to predict the onset of thickening directly from know
edge of the physicochemical properties of the dispersion
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APPENDIX: DERIVATION OF THE FORCE BALANCE
MODELS

The scaling argument of Bender and Wagner13 follows a
similar derivation as presented earlier by Boersmaet al.,5

whereby a force balance between two particles is consid
at the point of shear thickening. Although similar in fin
form, the conceptual picture underlying the two models
very different; Boersmaet al. consider the forces required t
rotate two particles out of a flow-aligned ordered microstr
ture aligned along the flow planes in laminar shear~i.e.,
Hoffman’s proposal19!, while Bender and Wagner consid
ered the conditions necessary for hydrodynamic lubrica
forces to determine the colloidal microstructure in a lamin
shear flow. Both derivations start by estimating the hydro
namic force acting between a particle pair in a Newton
solvent in a laminar shear flow. The particles are placed
the plane of shear and aligned along the compression
~135° relative to the shear direction!. The force required to
drive two particles together along the line of centers is giv
~for a Newtonian solvent! by standard expressions.48,61 An
asymptotic form valid for small gaps in the lubrication a
proximation is given explicitly by Melrose and co-worke
@see Ref. 62, Eq.~1!#. This resistance coefficient scales wi
the Stokes drag, which is proportional to the particle size
the solvent viscosity, and the relative velocity, which is p
portional to the applied shear rate. Further, the force requ
to move a particle in the close presence of another par
must be mofidied to account for the strong squeezing fl
between particle surfaces, which scales asa/h, with h5r
22a the surface-to-surface separation distance. Thus,
asymptotic force required to squeeze particles togethe
laminar shear is

Fhydrodynamic'3pma3ġ/2h.

This value is a factor of 4 less than that assumed by Boer
et al. and a factor of 2 less than that of Bender and Wagn

In a concentrated dispersion, many-body hydrodyna
interactions must be accounted for. To first order, the part
pair can be thought of as being embedded in an effec
medium, with a viscosity given by the viscosity due to
hydrodynamic interactions in the concentrated dispers
This viscosity is taken to be that of the dispersion to fi
order. Multiplying the above expression by the relative s
pension viscosity~which is a function of shear rate! yields an
Downloaded 16 Nov 2005 to 129.6.122.161. Redistribution subject to AIP
-

-
o
ts
n-
-

ed

s

-

n
r
-
n
in
is

n

d
-
d

le
w

he
in

a
r.
ic
le
e

l
n.
t
-

expression for the hydrodynamic force acting on the pair
terms of the applied shear stress, which is the product of
suspension viscosity and shear rate,

Fhydrodynamic'3pa3t/2h.

Note that this approximation does not suppose the lubr
tion force itself acts through the effective medium, for
surely acts through the solvent. Rather the correction rec
nizes that the force acting to compress the pair along
compression axis is not the solvent viscosity times the sh
rate, but rather, the total hydrodynamic viscosity times
shear rate. For high shear rates prior to shear thickening
suspension viscosity is approximately the hydrodynam
viscosity.2,13,27Further discussion of this mean-field approx
mation, its successful application, and other variations of
drodynamic preaveraging can be found in Refs. 45, 49–

The ratio of this force to the dominant repulsive forc
which for Brownian hard spheres is given by the statisti
expression of Batchelor,39 FBrownian52kT@] ln g(r)/]r#
should be of order one at the applied shear stress when
droclusters form and shear thickening is evident. This rati
given in Eq.~5!. This balance is readily generalized to in
clude interparticle forces, such as repulsive interactions
considered by Boersmaet al.Finally, it is essential to specify
the viscosity at the shear thickening point if one wishes
calculate the shear rate for the onset of shear thickening
this case robust correlations for hard-sphere viscosity49,51,63

can be applied.13
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